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Summary

The cochlea, in the interior of the mammalian hearing organ, is where the transduction from
sound into a neural signal takes place. In 1960, Von Békésy showed how different frequencies
are distributed along the cochlea and therefore excite different nerves that lead from the
cochlea to the brain. Due to his research we know that the cochlea acts as frequency analyser
by varying resonance frequencies over its length. Geometry and stiffness variations along the
cochlear duct lead to these different resonance frequencies. In the 19th century, Helmholtz
had already concluded that there had to be a non-linear element in the conversion of sound
into a neural signal. Later research has identified the so-called outer hair cells as the main
source of the non-linear behaviour. The outer hair cells have been shown to be motile: they
are able to change their shape in response to stimulation. In this thesis we develop a new
cochlear model, which allows us to study the influence of variations in geometry, stiffness and
outer hair cell motility on resonance frequencies.
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Chapter 1

INTRODUCTION

The ear is a fascinating organ. It allows us to enjoy music, communicate with others and
also plays a major role in sound localization and balancing. No wonder, the ear has been an
important research topic for many years now. However, the advances in the understanding
of the auditory system have been slow compared with the visual system. This is mainly due
to the difficulty of experimental access to the inner workings. Also, it has been known for a
long time that the mechanics of the inner ear are non-linear, which requires more advanced
modelling techniques. Helmholtz (1821 - 1894) already concluded that there had to be a non-
linear element in the conversion of sound into a neural signal. Research has later identified
the cochlea, where the transduction into a neural signal takes place, as the main source of
non-linearity.

There is general consensus that the reason for having a non-linear behaviour of the cochlea is
the compression required to fit the range of sound intensities that are of interest to an organ-
ism (such as a human listener) into the range that can be coded by neurons. The range of
interesting sound covers some 120 dB, whereas neurons are only capable of coding intensities
over some 40 dB. An amplification of the lowest incoming sound levels and an attenuation of
the stronger levels means that the 120 dB can be compressed sufficiently to allow all levels
to be properly represented in the signal sent by the inner ear hair cells into the auditory nerve.

It is now believed that the outer hair cells, which are part of the organ of Corti inside
the cochlea, give rise to the cochlear non-linear behaviour. Experiments performed in 1985
by Brownell et al. [8] discovered the so-called outer hair cell motility. Outer hair cell motility
means that these outer hair cells can change the shape of their cell bodies in response to
stimulation. The exact effect of these length changes, or how they affect the mechanics of the
organ of Corti, is still unknown. However, it’s widely assumed that the forces generated by
these outer hair cells are capable of altering the mechanics of the cochlea, increasing hearing
sensitivity and frequency selectivity1. Moreover, administration of ototoxic drugs have been
shown to destroy the outer hair cells and indeed produce a dramatic reduction in cochlear
selectivity and sensitivity. Also, in recent years drugs have been found that may help hair
cells regenerate after having been damaged. Studies of the effects of these drugs, however,
do not only show a regenerative effect on the hair cells, but also a change in the geometry,

1The term selectivity is used to describe the ability to detect frequency differences. Sensitivity refers to the
lowest level at which sound can still be detected.
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2 CHAPTER 1. INTRODUCTION

which must imply a change in the micromechanics.

All together, a detailed micromechanical model should be formulated in order to better un-
derstand the role of outer hair cells of both an intact and damaged cochlea. Furthermore,
to study the importance of the geometry and the effects of geometrical changes due to a loss
or regeneration of the outer hair cells, the model should also include the complex geometry
of the cochlea. Considering these issues we will come up with a new cochlear model. We
hope to gain insight in the functioning of the outer hair cells and the influence of the complex
geometry of the cochlea by using a careful and detailed time-domain analysis of our model.
In particular we will try to answer the following questions:

• Can we increase the frequency selectivity and sensitivity of a cochlear cross section by
altering the outer hair cell properties?

• What effects can be expected to be caused by changes in the geometry of the cochlea?

This report is divided in several chapters. In chapter 2 we will show some important back-
ground information concerning the cochlea, its structure and functioning. The same chapter
will also give a brief description of a few other cochlear models proposed during the last three
decades. In the last section of chapter 2 we will introduce a new cochlear model. This model
will be used to answer the questions mentioned before. To perform a time-domain analysis of
the formulated model, we will first derive a set of equations describing a stationairy state of
the model. This will be done in chapter 3. These equations, for example based on equilibria
of forces, will depend on four variables which completely determine the state of the model.
Afterwards, in chapters 4 and 5 we will formulate the equations which should be solved to
perform a time-domain analysis. In chapter 6 we will show how to implement these equa-
tions numerically. Finally, the results and conclusions of our experiments are described and
discussed in chapters 7 and 8.



Chapter 2

COCHLEAR MODELLING

In this chapter we describe the geometry and function of the cochlea as part of the human
ear. Furthermore we will show a few micromechanical models proposed earlier in articles
dealing with the functioning of the cochlea. In the last section we will introduce a new
micromechanical model to study the cochlear behaviour.

2.1 The cochlea

The cochlea is the inner ear. We usually distinguish among the outer ear, the middle ear and
the inner ear. The outer ear consists of the pinna and the auditory canal. Sound waves pass
through the auditory canal to reach the eardrum or tympanic membrane, see Figure 2.1. The
tympanic membrane is part of the middle ear and attached to three tiny bones called hammer
(malleus), anvil (incus) and stirrup (stapes).

Figure 2.1: The human ear (here the oval window is denoted by elliptical window and round
window is denoted by circular window).

These bones, collectively called ossicles, are linked to the tympanic membrane at one end and
to the oval window (elliptical window) at the other end. When sound causes the eardrum

3



4 CHAPTER 2. COCHLEAR MODELLING

to vibrate, the ossicles vibrate simultaneously and push against the oval window. The oval
window, which is at the entrance of the cochlear duct, consists of only about one-thirtieth
the area of the tympanic membrane, so the pressure of the sound waves will significantly
increase. This transformation is important because more force is required to move the vis-
cous fluid behind the oval window than to move the eardrum, which has air on both sides of it.

The cochlea, a coiled structure in the inner ear and also shown in Figure 2.1, is where the
transduction into a neural signal finally takes place. The cochlea contains a fluid-filled outer
duct, see Figure 2.2. This duct begins at the oval windows, runs to the tip of the cochlea
(scala vestibuli) and then runs back to end at another membrane (scala tympani), the round
window (circular window).

Figure 2.2: The coiling of the cochlear duct (1), the scala vestibuli (2) and scala tympani (3).
The red arrow is from the oval window, the blue arrow points to the round window. The
spiral ganglion (4) and auditory nerve fibres (5) are also shown.

In between these portions of the outer duct is another fluid filled tube, the inner duct or scala
media (see Figure 2.3). Reissner’s membrane separates the scala vestibuli from the scala
media and the basilar membrane (BM) separates the scala media from the scala tympani.
Inner and outer hair cells are placed in a structure called the organ of Corti1 on top of the
BM. Bending of the hairs on the inner hair cells (IHCs), or microvilli, leads to depolarization
of these cells and the generation of a neural signal. These hair cells with their microvilli are
very sensitive - they can detect movements in the range of only a few Ångström - and can
follow the very rapid movements up to several kHz.
Pressure differences of the fluid in the outer duct - induced by the incoming sound - cause an
up-and-down waving motion of the BM and organ of Corti. A shearing motion will arise at
the top of the hair cells, because the BM and tectorial membrane (TM) - which is on top of
the microvilli - have a different hinge point. It is believed that the resulting movement of the
fluid in the scala media creates the force that bends the microvilli.

Research into the mechanics of the microvilli has indicated that although IHCs act as the
primary receptor cells for the auditory system, the outer hair cells (OHCs) play an entirely

1The organ was named after the Italian anatomist Alfonso Corti (1822-1876), one of the first anatomists
who gave a detailed description of the cochlea
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Figure 2.3: A cross-section of the cochlea.

different role. They can act as motor cells. This phenomenon is caused by the OHC motility;
the capability to change the shape of their cell bodies in response to stimulation. The forces
generated by OHCs are able to alter the cochlear mechanics. Basically it should be possible
that a length change of the OHCs changes the vibration, causing a changed bending of the
IHCs. This is one of the effects of active outer hair cells which makes the cochlear system
highly non-linear, which has made it difficult to model.

2.2 Cochlear models

Over the last four decades many different models have been proposed to study the cochlear
functioning. The majority of these models is used to gain insight into the mechanics of
the cochlea. Von Békésy2 already showed in 1960 how different sound wave frequencies are
distributed along the cochlea and therefore excite different nerves that lead from the cochlea
to the brain. Due to his research we know that the cochlea acts as frequency analyser by
varying resonance frequencies over its length. Near the oval window (the basal part) the
cochlea responds to high frequencies and at the far end (the apical part) it responds to low
frequencies (see Figure 2.4).
Cochlear modelling has mainly tried to match the frequency selectivity of the real cochlea
with the frequency selectivity of mechanical systems (an example is shown in the graph in
Figure 2.5). In recent years, 3D models and models based on fluid-structure interactions have
also been developed, which require more advanced computer technology. Research during
the eighties and nineties has clearly indicated that the cochlear models require an active
mechanism to reproduce the frequency selectivity of a real cochlea. The discovery of the
OHC motility indeed confirmed the idea of an active mechanism.
The simplest models represent the cochlear partition as an array of mass-spring-damper sys-
tems with active feedback loops. These models are called lumped parameter models (see
Figure 2.5), because the complicated structure of the organ of Corti is represented only by a

2Georg von Békésy (1899 - 1972) was a Hungarian biophysicist and awarded the Nobel Prize in Physiology
or Medicine for his research on the function of the cochlea in the mammalian hearing organ.
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Figure 2.4: Some characteristic frequencies are indicated from base (20 kHz) to apex (20 Hz).

Figure 2.5: Lumped parameter models.

simple combination of masses and springs. The parameters (mass, stiffness, damping) from
these simple models can’t be directly related to the real physical parameters due to the sim-
plification of the complex cell structure on top of the BM. Consequently many researchers
tried to improve these lumped parameter models. A few improved micromechanical models
are shown in Figure 2.6. In these figures the connections between the different parts are
assumed to be rigid and massless, springs and dampers are shown as usual and masses are
indicated by small blocks.
As can be seen from these examples, many of the micromechanical models focus on the me-
chanical character of the cochlea and completely ignore the geometrical properties. The first
model (A) shown in Figure 2.6 was introduced by J.B. Allen in 1980. The model didn’t
include the OHC motility, but instead Allen proposed that the TM forms a second resonant
system. This second resonant system, with a slightly lower resonant frequency than the res-
onant system according to the BM, was necessary to achieve sharp peaks in the resulting
frequency-response curves. These frequency-response curves indicate the frequency selectiv-
ity of a particular spot along the BM. Peaks could be reproduced by carefully coupling both
resonant systems.

S.T. Neely and D.O. Kim proposed a somewhat similar model (B) in 1983. They used a
second resonant system which consisted of the OHC cilia (which connect the organ of Corti
to the TM). Both systems were coupled by a negative damping element, which could be inter-
preted as an energy-providing or active element. Neely and Kim suggested that the negative
damping components in their model could represent some physical action of the OHCs, func-
tioning in the electromechanical environment of the cochlea.
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Figure 2.6: Micromechanical models as proposed by Allen [4] in 1980, Neely & Kim [6] in
1983, Geisler [9] in 1986, Neely & Kim [10] in 1986, Kolston [12] in 1988 and Mammano &
Nobili [15] in 1993.

A few years later, C.D. Geisler (1986) came up with a cochlear model (C) without a sec-
ond resonant system. He showed that forces caused by the electromechanical responses of the
OHCs provide a possible mechanism to locally achieve low damping values. As can be seen
from Figure 2.6, Geisler also included a little bit of the geometry of the cochlea.

In the same year Neely and Kim published an article (D) in which they also referred to
the motile OHCs as the active elements. They showed that these active elements function as
a cochlear amplifier and can also explain spontaneous otoacoustic emissions. An otoacoustic
emission (OAE) is sound generated within the inner ear and it’s suggested that excessive gain
in the cochlear amplifier causes spontaneous oscillations and thereby OAEs. Neely and Kim
use their model to study these OAEs and try to relate their properties to the micromechanics.
Their model is comparable to Allens model, but they added a pressure source to represent
the active OHCs. However, they only connected this extra pressure source to the BM while
real active outer hair cells also apply force to the TM.

Another cochlear model (E) was proposed by P.J. Kolston in 1988. He assumed that OHC
stiffness suppressed the mechanical motion in all regions basal of the response peak. In other
words, Kolston suggested that the response peaks don’t necessary have to be caused by the
OHC motility, but could as well be achieved by varying OHC stiffness trough the cochlear
partition. These stiffness variations should be modelled as a function of the distance from the
stapes and the stimulus frequency. In regions far basal of the response peak (or characteristic
place) the stiffness should be large, causing a high impedance and consequently little motion
of the BM. Near the characteristic place the stiffness should decrease sharply, resulting in a
large increase of BM motion.

Finally we would like to mention the model (F) suggested by F. Mammano and R. Nobili in
1993. They proposed a model including force generating OHCs and analysed the coupling
between those hair cells, the BM and the TM. Mammano and Nobili even concluded that their
cochlear model admitted a state of equillibrium at a degree of OHC contraction, i.e. the BM
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could be kept under tension even if the cochlea is at rest. Although they seem to have found a
correct way to model the influence of the OHCs, they also ignored the geometry of the cochlea.

Above we have described six micromechanical models from different sources. As said before,
most of these models didn’t include the geometrical properties of the cochlea. Therefore,
crucial information is disregarded and results can be different. Furthermore, we have seen
that the models are improved since the discovery of the outer hair cell motility. Additionally
there is another disadvantage of these mechanical models which we didn’t mention before. All
models, almost without any exception, are linearized and implemented in a frequency-domain.
However, it is known for many years that the mechanics of the cochlea are non-linear, for
example due to the outer hair cells. The activity of these outer hair cells strongly depends
on the intensity of the stimulus. That is, for each input frequency, the amplitude of the
basilar membrane vibration at the characteristic spot does not increase linearly with inten-
sity. To study the non-linear behaviour carefully a time-domain implementation is inevitable.
Furthermore, S.J. Elliot, E.M. Ku and B. Lineton [31] showed that the stability of a linear
model of the active cochlea is difficult to determine from its calculated frequency response
alone. They presented a state space model for which the stability could be determined from
its eigenvalues. The same framework can be used to determine the stability of non-linear
models, so a time-domain approach really is preferable.

2.3 A new cochlear model

In this section we introduce a new cochlear model. We assume that the entire cochlea is
represented by a large number of (2D) cross sections. For each cross section, geometrical and
physical properties can be dependent on the distance from the stapes. In this paper we will
only focus on a 2D cross section and won’t include any longitudinal coupling between the
cross sections. We tried to include the geometry of the cochlea as much as possible, without
introducing too many degrees of freedom. But, most importantly, we tried to construct a
framework that would allow us to incorporate OHC active behaviour correctly.

The micromechanical model of the cochlear cross section is sketched in Figure 2.7. Eight
rotation points zi are indicated by green (without rotational stiffness) or red (with rotational
stiffness) dots. We will now explain the choices we made with respect to modelling the BM,
PC, OHCs, cuticular plate (which covers the top of the organ of Corti, abbreviated CP), TM
and all internal connections. We decided not to discuss masses (for example of the PC) and
dampers (for example between the CP and TM) in this section. These important notions will
be introduced and explained in chapter 4, which deals with the instationary analysis.

Basilar membrane Points z0 and z7 denote the connections of the BM to the wall of
cochlea. Hence, these points are fixed. The physical properties of the BM between z1 and z5

are identical to the properties of the BM between z5 and z7, i.e. on both sides the BM has a
the same Young’s modulus, an equal cross sectional area and the same density (kg/m). We
know that the BM is internally formed by thin elastic fibers. Hence, we neglect the rotation
stiffness at z1, z5 and z7 and we only consider an elongation stiffness following from Young’s
modulus. In Figure 2.7, the BM is represented by a bold line, which indicates that the BM
does have a certain mass. In the real cochlea, Deiters’ cells (not indicated in Figure 2.3) and
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Figure 2.7: A new cochlear model; the initial state.

the PC are placed on top of the BM. Dieters cells serve as support for the OHCs and are
assumed to be firmly connected to both the bases of the OHCs and to the BM. We didn’t
include Deiters’ cells explicitly, because we assumed that those don’t influence the mechanics
of the cochlear cross section. Instead, we directly connected the OHCs to the BM at z5,
although we will take in account the mass of Deiters’ cells.

Pillar cells The BM supports a rigid structure formed by the pillar cells (PC), described
by the fixed triangle z0-z1-z2. The PC rotate around z0 if external forces, i.e. caused by fluid
pressure differences, are applied. The PC do have a certain mass mPC (kg) and therefore
their moment of inertia will play a role in the analysis of the dynamics. We assumed that
the rotation of the PC is subjected to a certain rotational stiffness sr

PC (Nm/rad), because
its connection to the modiolus3 (at z0) is rather firm.

Cuticular plate The connection between z2 and z3 represents the CP, which is on top of
the organ of Corti. We know that (at z2) the PC also continue in the cuticular plate, hence
we assumed a rotational stiffness at z2. We also know that the CP consists of a relatively
solid material (which establishes an impermeable boundary between the scala media and scala
vestibuli). Therefore, we assumed the length of the CP to be constant.

Outer hair cells The OHCs link the BM (at z5) to the CP (at z3). We assumed that the
OHCs are able to apply force to both the BM and CP. The OHC cilia, with a fixed length,
connect the CP (at z3) to the TM (at z4). The bending stiffness of the cilia is modelled as
a rotational stiffness of the cilia at z3. We assume that the cilia are oriented perpendicular
to both the CP and TM in the initial state. In the real cochlea, the tallest OHC cilia are
embedded in the TM, but not far enough to cause a rotational stiffness at z4. Therefore the
cilia only experience a rotational stiffness at z3.

Tectorial membrane The TM is considered to behave like an elastic material with certain
spring constant KTM (N/m) and its orientation is initially parallel to the CP. From observa-
tions of the real cochlea we know that the maximal bending of the OHC cilia is very small.
Therefore, we do not need to consider the component of the cilia force perpendicular to the

3The modiolus is a conical shaped central axis in the cochlea. The modiolus consists of spongy bone and
the cochlea turns almost 3 times around the modiolus.
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TM. The narrowing of the TM towards its connection with the wall of the cochlea (see Figure
2.3) justifies our choice for a negligible rotational stiffness of the TM at z6.

Figure 2.8: An arbitrary state of the cochlear model.



Chapter 3

STATIONARY ANALYSIS

In this chapter we perform a stationary analysis of our cochlear model. One by one we will
describe all forces acting on the pillar cells, the basilar membrane, the cuticular plate and the
tectorial membrane.

Figure 3.1: A 2D picture of the micromechanical model, showing basilar membrane (BM),
pillar cells (PC), cuticular plate (CP), outer hair cells (OHC), cilia and tectorial membrane
(TM). Eight rotation points zi are denoted by green (without rotational stiffness) or red (with
rotational stiffness) dots.

11
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3.1 Pillar cells

The pillar cells (PC) are represented by a solid triangle with fixed angles and edges. The PC
are assumed to rotate around their base z0 with a certain rotation stiffness sr

PC (Nm/rad).
The geometrical properties of the PC are given in Figure 3.2.

Figure 3.2: The geometrical properties of the PC including definitions of vertices z0, z1, z2,
angles ϑ0, ϑ1, ϑ2 and edges R1, R2.

In a stationary state, the angular momentum applied to the pillar cells should be zero. The
angular momentum results from

• The rotation stiffness of the PC;

• The external force FE
1 applied to z1;

• The force FBM of the BM, proportional to the stretching of the BM;

• Forces FA and FB, caused by the relative displacement of z3 with respect to z2.

Rotational stiffness

Assuming a rotation of the pillar cells over an angle β, the angular momentum caused by the
rotation stiffness sr

PC (Nm/rad) is given by

MPC
β = −βsr

PC (3.1)

External force

Assume an external force FE
1 = iFE

1 at z1 in vertical direction (see Figure 3.2). In section 3.2
we will show how to derive an expression for FE

1 . The rotational component FE
r (oriented
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counter-clockwise) and longitudinal component FE
l (pointing outward) with respect to the

rotation of the PC around their base are given by

FE
r = cosβ FE

1 and FE
l = sin β FE

1 .

We assume β << π/2 and approximate cosβ ≈ 1. Therefore, the angular momentum ME
β

caused by the external force is given by

ME
β = R1F

E
1 . (3.2)

We don’t consider the longitudinal component FE
l , because z0 is a fixed point.

Basilar membrane

Assume a force FBM = FBMe−iη, as a result of the stretching of the BM. Using η as shown
in Figure 3.2 we can compute the rotational and longitudinal component of FBM acting on
the PC. The components are given by

FBM
r = − sin(β + η) FBM and FBM

l = cos(β + η) FBM ,

implying an angular momentum caused by the basilar membrane given by

MBM
β = −R1 sin(β + η) FBM . (3.3)

Cuticular plate

The cuticular plate (CP) is connected to the pillar cells at z2 and to the cilia and OHCs at z3.
Rotational stiffness of these cilia combined with longitudinal stiffness of the TM will cause
a relative displacement of z3 with respect to z2. Furthermore, elongation or stiffness of the
OHCs and the external force applied to z4 will also cause a relative displacement of z3. The
total displacement of z3 will give rise to an angular momentum on the PC.

We assume that FA := FAeiθ with θ := arg(z3 − z2) (see Figure 3.3) is a result of a relative
displacement of z3 with respect to z2. Since we assumed the CP to be rigid, the constraint
given by |z3− z2| = LCP should be satisfied and gives rise to FA. The corresponding angular
moment on the PC is given by

MA
β = −|z2| sin ζA · FA, (3.4)

with
ζA := π − ϑ2 − ξ (3.5)

and ξ := arg(z3 − z2)− arg(z1 − z2), see Figure 3.3.

Since the CP rotates with a certain rotational stiffness sr
CP (Nm/rad) around the top of the

PC, also forces perpendicular to the CP and originating from z3 will give rise to a force on
the CP. Hereto we define FB := FBei(θ−π/2) with

FB = sr
CP

ξ − ξ0

|z3 − z2| . (3.6)



14 CHAPTER 3. STATIONARY ANALYSIS

The resulting angular moment on the PC is given by

MB
β = −|z3| cos ζB · FB, (3.7)

with
ζB := arg(z3)− θ, (3.8)

see Figure 3.3.

Figure 3.3: FA and FB cause angular momenta on the PC due to the constraint and rotational
stiffness of the CP respectively.

Equilibrium of moments on the pillar cells

Now, we will combine the angular momenta acting on the pillar cells. These are given by
equations (3.1-3.7):

MPC
β = −βsr

PC ,

ME
β = R1F

E
1 ,

MBM
β = −R1 sin(β + η) FBM ,

MA
β = −|z2| sin ζA · FA

and
MB

β = −|z3| cos ζB · FB

combined with
MPC

β + ME
β + MBM

β + MA
β + MB

β = 0 (3.9)
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for a stationary situation. Note that we still have to deal with a number of unknowns. In the
next sections we’ll derive expressions to calculate β, η, FBM . Later on, FA will be derived
from the constraint on the length of the CP. To derive these expressions we will write all
variables in terms of β, z3, z4 and z5. Then, using equilibria of forces at z3, z4, z5 and
the equilibrium of angular momentum on the PC, we will try to solve the whole system of
equations.

3.2 External force

Pressure differences of the fluid in scala tympani, scala media and scala vestibuli cause the up
and down motion of the organ of Corti and TM. In our model, the pressure differences will
give rise to forces at z1, z5 and z4. Sometimes we will refer to these forces as external forces,
since these are the ones caused by external (sound) stimuli. The external forces at z1, z5 and
z4 will be denoted by FE

1 , FE
5 and FE

4 respectively. Each of these forces FE
i is defined to be

equal to the product of the fluid pressure Pi(t) at zi and the area Ai surrounding zi. Hence,
all forces are time dependent. Every area Ai is defined as the product of the cross-sectional
thickness δc and a corresponding length. Hereto the following choices are made:

External forces

Point Corresponding area External force
z1 A1 := δc · (R1 + |z5 − z1|/2) FE

1 = iA1P1(t)
z5 A5 := δc · (|z5 − z1|/2 + |z7 − z5|) FE

5 = iA2P2(t)
z4 A4 := δc · |z6 − z4| FE

4 = A4P4(t)ei(α−π/2)

Table 3.1: Areas and forces corresponding to z1, z5 and z4

In Table 3.1, α denotes the angle between the TM and the x-axis.

3.3 Basilar membrane

To study the force applied to the pillar cells by the basilar membrane we introduce z5 as the
connection between the BM and the OHCs. We will treat this point as one of our unknown
variables. First we will describe the initial position of z5 and afterwards we will derive an
expression for the force applied to the PC for the unknown position of z5.

Initial position

We assume that the BM has an initial length LBM which corresponds to the distance between
points z1 and z7 whenever β = 0. At z1 the BM is connected to the PC and at z7 the BM
is connected to the outer wall of the cochlea. The coordinates of z7 are given by z7 =
R1 + LBM . Furthermore, we assume that the initial position of z5 is known and given by
z5 = R1 +γBMLBM , where 0 < γBM ≤ 1. This basically means that we divide the BM in two
parts. The part between z1 and z5 has a length given by γBMLBM , the other part between
z5 and z7 has a length given by (1− γBM )LBM . Note that these lengths only hold during the
initial state.
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Figure 3.4: The initial position of the basilar membrane.

Geometry

We assume β > 0 and z5 unknown. Then, the coordinates of z1 are given by z1 = R1e
iβ.

Hence, the distance to z5 is given by

D1,5(β) = |R1e
iβ − z5|, (3.10)

and the distance between z5 and z7 can be calculated via

D5,7 = |z5 − (R1 + LBM )|. (3.11)

Figure 3.5: The deformation of the BM, caused by stiffness or elongation of the (in)active
OHCs.

Using the geometry shown in Figure 3.5 we introduce the following definitions for the angles
denoted by φ and ψ:

φ := π − arg(z1 − z5),
ψ := π − arg(z5 − z7).

In the next section we will use these angles φ and ψ to write down the equilibrium of forces
which should hold at z5.

Equilibrium of forces at z5

To derive the position of z5 we have to use an equation describing the equilibrium of forces
at z5. Figure 3.6 shows four forces acting on z5:

1. The force F1 related to the stiffness of the left part of the BM;
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2. The force F2 related to the stiffness of the right part of the BM;

3. The force FOHC applied by the OHCs;

4. The external force FE
5 acting at z5 caused by fluid pressure.

Figure 3.6: The forces applied to z5.

Hence,

F1 + F2 + FOHC + FE
5 = 0

in a stationary situation.

1. The magnitude F 1 of the force F1 occurring in the left part of the BM follows from the
distance between z1 and z5 given in equation (3.10). Hence F 1 is given by

F 1 = KBM
D1,5 − γBMLBM

γBMLBM
,

and thus

F1 = KBM
D1,5 − γBMLBM

γBMLBM
ei(π−φ)

where KBM denotes the BM stiffness.

2. The magnitude F 2 of the force F2 occurring in the right part of the BM follows the
distance between z5 and z7 given in equation (3.11). Hence F 2 satisfies

F 2 = KBM
D5,7 − (1− γBM )LBM

(1− γBM )LBM
,

hence

F2 = −KBM
D5,7 − (1− γBM )LBM

(1− γBM )LBM
e−ψi.
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3. The force FOHC applied by the OHCs is assumed to be proportional to the distance
D3,5 between z5 and z3. Hence FOHC := FOHCei(θ+π/2) is given by

FOHC = KOHC(D3,5 − LOHC)ei(θ+π/2) (3.12)

where KOHC is the characteristic stiffness of the OHCs, LOHC is the initial length of
the OHCs and D3,5 satisfies

D3,5 = |z3 − z5|.

4. We assume an external force at z5 given by FE
5 = iFE

5 , with FE
5 as described in section

3.2.

As stated in section 3.1 the BM also applies a force to the PC, causing an angular momentum
on the PC. This momentum is given by equation 3.3 using FBM = F1 and η = φ.

3.4 Tectorial membrane

In this section we describe the forces occurring at z4. Because of a relative displacement
of z4 with respect to z6 a longitudinal force in the tectorial membrane (TM) will arise due
to the longitudinal stiffness of the TM. Furthermore, due to the relative displacement of
z4 with respect to z3 the cilia, which connect both points, will start to deviate from their
initial position and undergo a length change. Since we initially assumed the cilia to be rigid,
a constraint given by |z4 − z3| = LCilia will also play a role. Finally we also consider the
external force acting at z4.

Equilibrium of forces at z4

Instead of directly introducing z4 as one of our variables, we introduce r to denote the length
of the TM and α to denote the angle of the TM with respect to the x-axis (at z6). This is
done so that factorizations of the forces in directions parallel and perpendicular to the TM
can be used the derive differential equations for r and α.
We denoted the fixed point of the TM by z6. Stretching of the TM can be caused by a
relative displacement of z4 with respect to z6. Due to its longitudinal stiffness, a force FTM

will arise. We assume that initially the cilia are perpendicular to the CP as well as to the
TM and introduce ω to denote the deviation of the cilia with respect to their initial position
(see Figure 3.7). Then, ω can be computed by

ω = π/2− arg z4 + arg(z3 − z2).

To study the equilibrium of forces at z4 we will first enumerate all forces acting at z4. These
forces are given by

1. A force FTM resulting from the stretching of the TM;

2. A force FCilia due to the rotational stiffness of the cilia;

3. An external FE
4 force applied at z4;

4. The force FC resulting from the constraint on the length of cilia.
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Then, the resulting equilibrium of forces should satisfy

FTM + FCilia + FE
4 + FC = 0.

To examine the equilibrium we will factorise all forces in directions parallel and perpendicular
to the TM. However, the orientation of the TM isn’t fixed. Therefore, one might think that
these factorizations may give rise to an inaccurate instationary analysis since we now have
chosen a rotating reference frame. In chapter 4 we will come up with an appropriate solution
for this issue.

Figure 3.7: Note that the rotational component of FCilia will almost vanish if ω is small
enough.
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Direction parallel to the TM

First we consider the forces at z4 in the direction parallel to the TM. These forces only
originate from

1. The stretching of the TM, combined with its longitudinal stiffness;

2. The rotation of the cilia, combined with its rotational stiffness.

We will discuss those forces one by one.

1. Due to the stretching of the TM a force FTM = F TMeiα will arise. We calculate the
distance D4,6 between points 4 and 6 via

D4,6 = |z6 − z4| := r. (3.13)

Thus, the longitudinal force FTM is given by

FTM = F TMeiα = KTM (LTM − r)eiα. (3.14)

Here, the longitudinal stiffness of the TM is denoted by KTM and the initial length of
the tectorial membrane is denoted by LTM .

2. Due to the angular displacement ω a force FCilia
ω := −FCiliaei(θ−ω) will arise as shown

in Figure 3.7. At this point we assume that

(a) ω << 1 and approximate cosω ≈ 1.

(b) θ ≈ α, implying that the TM and CP are almost parallel.

Together the previous two assumptions imply that the relevant force (in the direction
parallel to the TM) due to the rotational stiffness of the cilia is given by −FCilia.
Furthermore, we derive an expression for FCilia. Since we know that FCilia is caused
by the rotational stiffness of the cilia, we know that it should satisfy

FCilia =
ωsr

Cilia

LCilia
. (3.15)

Hence, the equilibrium of forces at z4 in the direction parallel to the TM is given by

FTM + FCilia = 0, (3.16)

where FCilia := FCilia
ω eiω. The previous equation can be simply rewritten to

F TM − FCilia = 0, (3.17)

which denotes the equilibrium at z4 in the direction parallel to the TM. Equations (3.14) and
(3.15) show expressions for F TM and FCilia.
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Direction perpendicular to the TM

Next, we derive the equilibrium of forces which should hold at z4 in the direction perpendicular
to the TM. Hence, we have to consider

1. The external force FE
4 applied to z4;

2. A component of FCilia resulting from the rotation of the cilia;

3. The force FC resulting from the constraint given by |z4 − z3| = LCilia.

We will discuss those forces separately.

1. We assume an external force FE
4 acting at z4 in the direction perpendicular to the TM

(see Figure 3.8). Then, the external force is of the form

FE
4 = FE

4 ei(α−π/2).

2. Since ω << 1 we simply neglect the component of FCilia in the direction perpendicular
to the TM.

3. We assume that a force FC = FCei(α+π/2) results from the constraint on the length of
the cilia. An expression for FC is derived in chapter 6.

Now, summing up these forces leads to

FE
4 + FC = 0 (3.18)

in the direction perpendicular to the TM. Thus, the equilibrium of forces at z4 is given by

FC − FE
4 = 0. (3.19)

3.5 Cuticular plate

In this section we describe the forces acting on the cuticular plate at z3. At this point the
CP is connected to the OHCs and cilia. As shown before, due to a relative displacement of
z3 with respect to z5 a longitudinal force will arise through the OHCs. Also, due to a relative
displacement of z3 with respect to z2 we will have to deal with the rotational stiffness of the
CP and the constraint on the length of the CP. Furthermore, a relative displacement of z4

with respect to z3 will also give rise to forces which also play a role at z3.

Equilibrium of forces at z3

The forces which play a role at z3 are given by

1. Since we introduced FA and FB in section 3.1 as the forces applied by the CP to the
PC and resulting from a displacement of z3, we know that −FA and −FB play a role
at z3;

2. The previous section described FCilia due to rotation of the cilia. From the equilibrium
of forces which should hold trough the cilia we conclude that −FCilia and −FC will be
applied to z3.
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3. Section 3.3 introduced an expression for the force FOHC acting at z5, due to the stiff-
ness/elongation of the OHCs. Hence, a force −FOHC will act at z3;

The equilibrium of forces should be given by

FA + FB + FCilia + FC + FOHC = 0.

To formulate the equilibrium of forces at z3 we will again factorise all forces in the directions
parallel and perpendicular to the CP.

Direction parallel to the CP

The only two forces at z3 which play a role in the direction parallel to the CP are FA, due to
the constraint on the length of the CP, and FCilia, due to the rotational stiffness of the cilia.
Since ω is very small we can use the same argument as used in section 3.4 to show that

FA + FCilia = 0

or
FA − FCilia = 0 (3.20)

should hold at z3.

Direction perpendicular to the CP

This section will describe an equilibrium of forces at z3 in the direction perpendicular to the
OHCs. These forces originate from three different sources:

1. The force FB due to the rotational stiffness of the CP around the top of the PC;

2. The force FOHC as described in subsection 3.3;

3. The force FC due to the constraint given by |z4 − z3| = LCilia.

We will describe forces 1-3 one by one and derive an expression for the equilibrium of forces
at z3 in the direction perpendicular to the CP.

1. In section 3.1 we introduced an expression for the force FB due to the rotational stiffness
of the CP. The magnitude of the force was given by FB = sr

CP
ξ−ξ0
|z3−z2| , with ξ :=

arg(z3 − z2)− arg(z1 − z2) denoting the angle between the CP and the edge of the PC.

2. In subsection 3.1 we already assumed that the OHCs are always perpendicular to the
CP. In subsection 3.3 we derived an expression for FOHC given by

FOHC = KOHC(D3,5 − LOHC)ei(θ−π/2),

with where KOHC the characteristic constant of the OHCs, LOHC the initial length of
the OHCs and

D3,5 = |z3 − z5|.
Note that we have to reversed the direction of FOHC in equation (3.21) since the
direction should be opposite to the direction of FOHC at z5.



3.5. CUTICULAR PLATE 23

Figure 3.8: A detailed picture of the forces acting on z3. The picture doesn’t show the TM
for clarity reasons.

3. Resulting from the constraint on the length of the cilia, we defined FC as the force
applied to the TM at z4. Therefore, −FC will be applied to CP and z3.

The equilibrium of forces at z3 in the direction perpendicular to the CP is now given by

FB − FOHC − FC = 0,

so
FB − FOHC − FC = 0. (3.21)
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Chapter 4

INSTATIONARY ANALYSIS

In this chapter we will derive the set of equations describing the instationary situation. These
equations follow from the equilibria of forces and momenta as derived in chapter 3, extended
with several damping terms (which are proportional to velocity).

To perform the instationary analysis we have chosen to model the masses of the different
components as point masses, placed at different zi. Figure 4.1 already shows the different
regions of the cochlear partition, provided with a global indication of z0-z7. To find out which
regions of the cochlear partition approximately show the same motion, we will first analyse
the motion patterns of the cochlear partition (section 4.1). We analyse these patterns by
using studies on the cochlea motions reported by others. We end up with point masses in
three points, which we have already denoted by z3, z4 and z5, and the moment of inertia cor-
responding to the pillar cells (PC). Hence, each point mass will play a role in the differential
equation concerning of our variables.

Figure 4.1: Different regions of the cochlear parition and a global indication of z0-z7.

25
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Second, we will derive expressions for various types of damping. Damping due to viscosity
and sterocilia friction will be analysed in sections 4.2 and 4.4. Section 4.3 will deal with the
description of the Couette flow through the subtectorial space.

Finally, a set of differential equations concerning the acceleration of each of our variables
(β, z3, z4, z5) will be derived. This will be done in sections 4.6-4.8. These equations will
result from the equilibria of forces and momenta as derived in chapter 3, the damping due to
viscosity (type I), damping due to the Couette flow (type II) and damping due to stereocilia
friction (type III). The following table already shows which type of damping will play a role
in the differential equation corresponding to a certain variable.

Overview composition differential equations

Variable Damping type I Damping type II Damping type III
β ×
z3 × ×
z4 × × ×
z5 ×

Table 4.1: Composition differential equations.

4.1 Internal motion patterns of the cochlear partition

Since we have chosen to model the cochlear partition (i.e. the basilar membrane, the organ
of Corti and the tectorial membrane) by a construction of a finite number of points and con-
nections, we also have to decide where to locate the masses corresponding to the different
cochlear parts. In order to come up with reasonable choices, we used some studies on the
motion patterns of the different elements in the cochlear cross section.

To gain insight into the organ of Corti kinematics we studied articles written by X. Hu, B.N.
Evans and P. Dallos [21], W. Hemmert, H.P. Zenner and A.W. Gummer [22], A. Fridberger,
J. Boutet de Monvel and M. Ulfendahl [25], D.K. Chan & A.J. Hudspeth [30]. Although the
articles describe different measurement techniques, the relevant results are somewhat similar.

For example, Hu et al. and Chan et al. concluded that the TM moves almost exclusively in
the vertical direction. In addition, Chan et al. showed that the motion of the upper surface
of the TM can be considered as a rotation, with its center of rotation at the spiral limbus (de-
noted by z6). We conclude that all TM mass basically rotates around z6. However, we don’t
have accurate information about the mass distribution over the TM. Therefore, we decide to
model all TM mass (mTM ) as a point mass at z4, with addition of a scaling factor γTM . In
section 4.8 we will describe the acceleration of z4, at which point an amount of mass equal
to γTMmTM is concentrated. With the addition of γTM we will be able to scale the effective
mass at z4.

Furthermore, Hu et al., Fridberger et al. and Chan et al. showed that the motions of BM and
CP are different. Although the BM motion is mainly vertical, the CP motion is characterized
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by a rotation about an axis located in the inner hair cell region. Hu et al. state that the
motion of the OHCs and Deiters’ cells (DC), which together form a physical connection
between the BM and CP, constitute transition from the motion of the BM (oriented vertical)
to the motion of the CP (rotation). The same phenomenon can be seen from the studies H.
Cai and R.S. Chadwick performed [26], [27]. They developed an approach, based on finite
elements, for modelling the cochlea. They computed detailed movements within the organ of
Corti, for example shown in Figure 4.2. These results also indicate that Deiters’ cells form,
together with the OHCs, a transition between the motions of the BM and CP. Therefore, we
decided to model all mass mDC of Deiters’ cells at z5, together with the mass mBM of the
BM (see section 4.6). The mass mOHC of the OHCs will be added to the mass mCP of the
CP and considered as a point mass at z3 (see section 4.7).

Figure 4.2: Detailed movements within the organ of Corti and TM at cochlea base, calculated
by Cai and Chadwick. Stimulation frequencies are 15 kHz and 11 kHz.

The following table shows which masses are assigned to the variables. The tunnel of Corti,
which is formed by the pillar cells, is also fluid filled. Therefore we will add some fluid mass
mF to the mass mPC of the PC.

Overview mass-variable coupling

Variable Assigned mass
β mPC + mF

z3 mCP + mOHC

z4 mTM

z5 mBM + mDC

Table 4.2: Mass-variable coupling.
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4.2 Viscous damping

It is known that the organ of Corti and tectorial membrane are surrounded by viscous fluids
(scala vestibuli, scala media and scala tympani), see Figure 4.3. The fluid-filled space between
the organ of Corti and the tectorial membrane is called the subtectorial space. In section 4.3
we will describe the Couette flow through this narrow gap. In the subtectorial space, viscosity
of the fluid and rotational friction of the cilia will cause shear stresses and hence imply a loss
of energy.

The viscosity of the fluids will cause damping of the motion of the organ of Corti or TM.
To incorporate the viscosity of the fluids, we will introduce damping (at z1, z5 and z4)
proportional to the velocity of the BM and TM. This will be done by introducing an extra
(damping) force FD

i term at zi of the form

FD
i = di Ai µi żi, (4.1)

where Ai is the area (see section 3.2) where the shear stress is applied to, µi denotes the
viscosity of the fluid surrounding zi, żi the velocity of zi and di a damping coefficient. Our
approximation of the effective damping due to the viscosity is very rough, but insurmount-
able. A detailed computation of the viscous damping would require a detailed description
of the boundary layers. These computations depend on both the properties of the boundary
and the exact motion patterns of the boundary. Boundaries of the cel membranes could be
possibly covered by mucus, which complicates the computation of the boundary layers. Also,
since we don’t model the exact motion patterns of the cochlear partition, a detailed compu-
tation of the boundary layers wouldn’t make sense. In order to be able to easily correct our
approximation, we introduced the damping coefficient di. A construction using equation (4.1)
will be used at z1, z5 and z4.

Figure 4.3: A cross-section of the cochlea
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4.3 Subtectorial space

The shearing motion of the TM with respect to the CP will cause a Couette flow through the
subtectorial space. To calculate the magnitude of this flow, we need to know the velocity of
the TM with respect to the CP. However, the TM is modelled as an elastic body, implying
that the shearing velocity of its lower surface doesn’t have to be constant along its length. In
other words, the local velocity of the TM will directly depend on its local stiffness. At the
moment, the magnitude and effect of a radial1 velocity component of the TM is still subject
to debate.

As mentioned before, Hu et al. and Chan et al. concluded that the motion of the TM was
almost purely vertical. Their conclusions subscribe the hypothesis that the shearing motion
of the TM with respect to the CP is mainly caused by the different hinge points of the TM
and CP. This is in accordance with the Ter Kuile [1] model, which suggests that the shearing
motion is a result of different axes of rotation of the organ of Corti and the TM.

On the other hand, recent studies indicate that a radial velocity component is present at
the TM. For example, this conclusion can be made from studies H. Cai and R. Chadwick
performed on the motion of the organ of Corti and the tectorial membrane [26], [27]. They
showed that in the apical region (away from the oval window) the TM motion, for frequen-
cies below the characteristic frequency (resonance frequency), is mainly caused by rotation
around its hinge point. Frequencies above the resonance frequency caused a TM motion in
the direction away from its hinge point (stretching). Figure 4.4 shows a comparison of the
deformations of the TM at the apex of the cochlea, stimulated at 300 Hz and 1 kHz. Cai and
Chadwick also reported a similar effect at the base of the cochlea: above the resonance fre-
quency the TM motion seemed to be determined by rotation, below the resonance frequency
the TM motion showed also radial components.

The model we present allows the existence of a radial motion of the TM. But, to calculate the
Couette flow through the subtectorial space, we need to make assumptions on the average ve-
locity difference between the TM and CP. We believe that the relatively large thickness of the
TM between the IHCs and OHCs (see Figure 4.3) will locally cause a relatively large stiffness
and therefore minimal velocity differences along the lower surface of the TM. We assume that
the radial velocity differences of the TM motion are negligible, but we will introduce a scaling
factor dj , to correct the computation of the shear stress if necessary. We approximate the
velocity difference ∆u between the TM and CP by difference between the velocity of z3 and z4.

The velocity profile of the Couette flow between the TM and CP will satisfy

u(y) =
∆u

h
y + uCP ,

where ∆u := uTM (z4) − uCP (z3), y goes from 0 at the CP to h at the TM (hence, h is
approximately equal to LCilia) and uCP (z3) is the velocity of the CP at z3. The shear stress
on the CP is given by

τCP = µ
∆u

h
,

1In cochlear modelling, usually radial and transversal are used to indicate the horizontal and vertical
direction respectively.
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Figure 4.4: Detailed movements of the TM at cochlea apex.

where µ indicates the viscosity of the fluid in the subtectorial space. Hence, the corresponding
damping forces at z3 and z4 are given by

FD
3 = dj ACF τCP = dj ACF µ

∆u

h
at z3 (4.2)

and
FD

4 = dj ACF τTM = −dj ACF τCP = −dj A µ
∆u

h
at z4, (4.3)

with ACF (equal to the product of LCP and the thickness of the cross-section) representing
the area on which the shear stress is applied.

4.4 Stereocilia damping

Hair bundles on top of the hair cells are composed of approximately 50 stereocilia, which lean
against each other. Figure 4.5 schematically shows an inner and outer hair cell. Each stere-
ocilium is a bundle of actin filaments (protein fibers) surrounded by a cell membrane, which
tapers at the end. The actin filaments give mechanical support to the cilia, but also allow cell
motility. When a bundle is pushed sideways, each stereocilium slides against its neighbour
stereocilium and experiences friction. The loss of energy due to this type of cellular friction
can be considered as a loss of energy due to deformation of the hair bundle or stereocilia. It
is generally assumed that the amount of shear stress induced by stereocilia is at least of the
same order as the amount of shear stress due to the Couette flow [26].
The loss of energy due to stereocilia friction can be considered as damping proportional
to the velocity of the deformation of the hair bundle. We assume that the velocity of the
deformation is proportional to the fluid velocity. However, the fluid velocity of the Couette
flow is dependent on the distance to the CP and TM. We assume that the damping directly
depends on the velocity differences between z3 and z4 and introduce a scaling factor to correct
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Figure 4.5: IHCs and OHCs differ by shape and pattern of their stereocilia. The nucleus,
which is the control center of the cell, is indicated by (1). The stereocilia (2), cuticular plate
(3), afferent - towards central nervous system - neurons (4 and 7) and efferent - away from
the central nervous system - neurons (5 and 6) are also shown.

Figure 4.6: Schematic hair bundle deformation.

for the varying fluid velocity. Hence, the damping due to the hair bundle deformation can be
expressed via

FD = di Ks ∆u (4.4)

with Ks (Ns/m) a friction coefficient. Stereocilia damping will be applied to z3 and z4 (the
connections of the OHC stereocilia with respectively the CP and TM).

4.5 Angular acceleration of the pillar cells

The equilibrium of angular moments on the PC was given by

MPC
β + ME

β + MBM
β + MA

β + MB
β = 0.

For the instationary situation we assume that the sum of these moments isn’t equal to zero.
Instead, we assume that the sum of moments gives rise to an angular acceleration of the PC.
Hence, the differential equation is given by

MPC
β + ME

β + MBM
β + MA

β + MB
β = IPC β̈ + MD, (4.5)

where IPC denotes the moment of inertia of the PC, corresponding to a rotation around z0, β̈
denotes the second derivative of β with respect to time and MD the damping due to viscosity
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of the scala tympani. We approximate the viscous damping by putting

MD = −d1 A1 µ
R1

2
β̇, (4.6)

with d1 a damping coefficient and A1 as defined in section 3.2.

The moment of inertia IPC is given by

IPC = ρF
bh3 + ha2b + hab2 + hb3

12
, (4.7)

with
a := R2 cosϑ0, b := R1 and h := R2 sinϑ0.

Equation (4.7) is derived in Appendix A.

4.6 Acceleration of the basilar membrane and Deiters’ cells

In section 4.1 we assumed that the mass of the BM and DC can be modelled as point mass
at z5 (see Table 4.2). Hence, we define

m5 := mBM + mDC . (4.8)

The resultant force F5 at z5 is given by (see section 3.3)

F5 = F1 + F2 + FOHC + FE
5 .

Using Newton’s law of motion we state that for the instationary situation the following equa-
tion should hold

F5 = m5 z̈5.

Hence, with the addition of a damping due to viscosity of the scala tympani we end up with

F5 = m5 z̈5 + d5 A5 µ ż5, (4.9)

with d5 a damping coefficient, A5 as defined in section 3.2 and µ representing the viscosity of
the fluid (i.e. scala tympani).

4.7 Acceleration of the cuticular plate and outer hair cells

In this section we derive the equations describing the motion of the z3. We resume that the
mass mCP of the cuticular plate will be combined with the mass mOHC of the OHCs. Hence,
we define

m3 := mCP + mOHC .

First we introduce a new reference frame which allows us to simplify the set of equations. In
chapter 3 we factorized forces at z3 and z4 in directions parallel and perpendicular to the CP
and TM. Since the orientation of the CP and TM isn’t fixed, using these factorizations to
calculate the acceleration of z3 and z4 in the same directions would probably cause fictitious
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forces. Therefore we introduce a fixed reference frame, which allows us to use the factoriza-
tions from the previous chapter, without introducing fictitious forces. Afterwards we derive
an expression for the acceleration of z3.

Instead of using the original (x, y)-coordinate system, we introduce a new coordinate system.
Our new system will result from a counterclockwise rotation of the original system over θ0

(which denotes the angle between the CP and x-axis in the initial state). So, for example

z̃3 = z3 e−iθ0 ,

where the tilde indicates that it’s a complex number with respect to the new coordinates.
Since we are only interested in relative positions or angles, we don’t change the origin of the
coordinate system. Thus, (x̃, ỹ) = (x, y) = (0, 0).

From research we know that it is reasonable to assume that θ − θ0 is very small (θ denotes
the angle between the CP and the x-axis in an arbitrary state). Hence, factorising forces in
the directions parallel and perpendicular to the CP almost coincides with a factorization in
x̃- and ỹ-direction. These factorizations (derived in section 3.5) will give rise to a resultant
force. We assume that this force gives rise to an acceleration of z̃3. Note, that by using
this construction we will introduce a small error in the factorizations, but the fixed reference
frame won’t give rise to fictitious forces. A reference frame with respect to a rotation of the
original frame over a angle θ (which is varying) would give rise to fictitious forces, since this
would be a moving reference frame.

The formulation of the equilibrium of forces in z3 used an equilibrium in the parallel and
perpendicular direction to the CP. The equilibrium in the direction parallel to the CP was
given by

FA − FCilia = 0

and
FB − FOHC − FC = 0

was derived for the perpendicular direction. In these equations, FA and FC result from the
constraints and FB from the rotational stiffness of the CP. For the instationary analysis we
assume that resultant forces arise in both directions. Hence, we define

F̃3 := FA − FCilia + i · [FB − FOHC − FC ] (4.10)

to be the resultant force applied to z̃3 with respect to the (x̃, ỹ)-system.
Without taking into account the damping due to the Couette flow and stereocilia friction, it
follows that

F̃3 = m3
¨̃z3

should hold for the acceleration of z̃3. Adding these terms implies that we have to derive
expressions for the shear velocity difference ∆u between z3 and z4 and the height h of the
subtectorial space. Hereto we define:

∆u := ˙̃z4 · cos(arg( ˙̃z4))− ˙̃z3 · cos(arg( ˙̃z3)),
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Figure 4.7: F̃3 gives rise to the acceleration of z̃3, with respect to the (x̃,ỹ)-system.

and
h := LCilia cosω,

with ω as introduced in section 3.5. All together, the differential equation describing the
motion of z3 is given by

F̃3 = m3
¨̃z3 + d′3 Ks ∆u + d3 ACF µ

∆u

h
, (4.11)

with ACF the area on which the shear stress is applied and d3, d′3 representing scaling coeffi-
cients.

4.8 Acceleration of the tectorial membrane

In section 3.4 we derived two equilibria of forces corresponding to the direction parallel and
perpendicular to the TM. These equilibria are respectively given by

F TM − FCilia = 0

and
FC − FE

4 = 0.

Please note that F TM already indicates the force caused by a length change of the TM
combined with its longitudinal stiffness. In order to describe the motion of z4 correctly, we
will use the explicit form of F TM , which is given by

F TM = KTM (LTM − r),

with r := |z4 − z6|. This is done because F TM directly depends on the position of z4. In
section 4.1 we introduced a scaling factor γTM for the mass of the TM at z4. Hence, γTM mTM

will play a role in our differential equations.

Figure 4.8 shows all relevant forces applied to the TM. Hence, the differential equation de-
scribing the motion of r is given by

FCilia = KTM (LTM − r) + γTM mTM r̈ + d′4 Ks ∆u + d4 ACF µ
∆u

h
+ d′′4 A4 µ ṙ, (4.12)
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Figure 4.8: A detailed picture of the TM, showing all relevant forces, α and r.

with FCilia as defined in equation (3.15), ACF the area as defined in section 4.3, A4 the area
as defined in section 3.2 and d4, d′4, d′′4 representing scaling coefficients. Introduction of the
variable r is necessary to ensure that only the acceleration of z4 due to a length change of the
TM is taken into account.

The angular acceleration of the TM, described by α, is given by

FC − FE
4 = ITM α̈ + d′′′4 A4 µ

r

2
α̇ = γTMmTMrα̈ + d′′′4 A4 µ

r

2
α̇, (4.13)

where ITM denotes the moment of inertia of the TM and FC still has to be determined from
the constraint on the length of the cilia.
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Chapter 5

COMPLETE COCHLEAR MODEL

In this chapter we formulate the complete set of equations which has to be solved for a number
of time steps. In the first section we shortly describe the properties of the initial situation
(values can be found in table 5.1). After that we will show the variables, forces, differential
equations and constraints. Finally we give an indication of the values we have chosen for all
of the relevant constants.

5.1 Initial conditions

We assume that for the initial situation (see Figure 5.1) the following holds:

• all zi are known and at rest, hence żi = 0;

• all elastic elements (BM, CP, OHC, Cilia and TM) have a length equal to their rest
length;

• FE = 0 (no external force).

Figure 5.1: Initial state

37
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5.2 Differential equations and constraints

In the previous chapter we have derived five differential equations corresponding to five un-
knowns, β, z5, z3, r and α, which completely determine the state of the system. However
we also introduced two unknown forces, FA and FC , which follow from the constraints on
the length of the CP and cilia. In this section we will state the differential equations and
constraints one by one.

1. Differential equation (4.5) from section 4.5 describes the motion of β. The differential
equation is given by

IPC β̈ = MPC
β + ME

β + MBM
β + MA

β + MB
β −MD, (5.1)

with

MPC
β = −βsr

PC (5.2)

ME
β = R1F

E
1 (5.3)

MBM
β = −R1 sin(β + φ) FBM (5.4)

MA
β = −|z2| sin ζA · FA (5.5)

MB
β = −|z3| cos ζB · FB (5.6)

and
MD = −d1 A1 µ

R1

2
β̇. (5.7)

To compute these moments we use FB as given by equation (3.6). FA has to be
determined from the constraint on the length of the CP. How to compute φ can be
found in section 3.3, ζA and ζB are given by equations (3.5) and (3.8) respectively.
After computation of β we calculate z1 = R1 eiβ and z2 = R2 ei(ϑ0+β), implying that
D1,5, D2,3, φ, θ and ξ can be updated.

2. Differential equation (4.9) from section 4.6 describes the motion of z5. The differential
equation is given by

m5 z̈5 = F5 − d5 A5 µ ż5, (5.8)

with
F5 = F1 + F2 + FOHC + FE

5 .

Forces F1, F2, FOHC and FE
5 are given by

F1 = KBM
D1,5 − γBMLBM

γBMLBM
ei(π−φ),

F2 = −KBM
D5,7 − (1− γBM )LBM

(1− γBM )LBM
e−iψ,

FOHC = KOHC(D3,5 − LOHC)ei(θ+π/2),

and
FE

5 = iFE
5 ,

combined with
ψ = π − arg(z5 − z7).

After computation of z5, new values for D1,5 and D3,5 can be gained.
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3. Differential equation (4.12) from section 4.8 describes the motion of r. The differential
equation is given by

γTM mTM r̈ = FCilia −KTM [LTM − r]− d′4[Ks − ACF µ

h
]∆u(n)− d′′4 A4 µ ṙ. (5.9)

Furthermore, FCilia, h and ∆u are given by

FCilia =
ω sr

Cilia

D3,4
, (5.10)

h = D3,4 cosω (5.11)

and
∆u = ˙̃z4 · cos(arg( ˙̃z4))− ˙̃z3 · cos(arg( ˙̃z3)), (5.12)

with
ω := π/2− [arg z4 − θ],

θ := arg(z3 − z2)

and
˙̃zi := ˙̃zi · e−iθ0 for i = 3, 4.

After computation of r, the values of D3,4, h, ω and ∆u can be updated. The new
values can be used to compute α and z3.

4. Differential equation (4.13) from section 4.8 describes the motion of α. The differential
equation is given by

γTMmTM r α̈ = FC − FE
4 − d′′′4 A4 µ

r

2
ṙ (5.13)

where FC still has to be determined from the constraint on the length of the cilia and
FE

4 a given external force. After computation of α we can compute z4 = z6 + r eiα and
therefore update D3,4, h, ω and ∆u again.

5. Differential equation (4.11) from section 4.7 describes the motion of z3. The differential
equation is given by

m3
¨̃z3 = F̃3 − d3 ACF µ

∆u

h
− d′3 Ks ∆u, (5.14)

with
F̃3 = FA − FCilia + i · [FB − FOHC − FC ], (5.15)

where FA and FC still have to be determined from the constraints, FCilia is given by
equation (5.10), FB by equation (3.6) and FOHC by equation (3.12).

6. The forces FA and FC have to be computed from the non-linear constraints given by

|z3 − z2| = LCP

and
|z4 − z3| = LCilia

respectively.
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5.3 Parameters

To explore the results of our modelling approach we will carry out a number of computations.
Therefore we have to choose some values for the dimensions of the cochlear cross-section we
modelled. In all experiments we used the values shown in Table 5.1.

Point Coordinate Meaning
z0 0 Connection of the PC to the modiolus
z1 98 Connection of the PC to the BM
z2 98 e1.05i Connection of the PC to the CP
z3 157 e0.8i Connection of the OHCs to the CP
z4 159 e0.84i Connection of the Cilia to the TM
z5 148 Connection of the OHCs to the BM
z6 62 e2.2i Connection of the TM to the limbus spiralis
z7 250 Connection of the BM to the outer wall of the cochlea

Table 5.1: The values for the initial state are based on measurements of the guinea pig cochlear
apex, see [5] and [16].

Table 5.2 is composed by using various reports on cochlear measurements. These values are
chosen to be the basic values in our simulations.

Symbol Value Unit Meaning Reference
hBM 4 · 10−6 m average BM height [5]
hTM 70 · 10−6 m average TM height [5]
ρF 1 · 103 kg/m3 Fluid density -
ρPC 1 · 103 kgm3 PC density -
ρBM 1 · 103 kg/m3 BM density -
ρTM 1 · 103 kg/m3 TM density -
µ 1 · 10−3 kg/(m·s) Fluid viscosity [26]
KBM 9.1 N/m BM stiffness [14]
KTM 0.12 N/m TM stiffness [13]
KOHC 0.357 N/m OHC stiffness [19]
sr
Cilia 6 · 10−5 Nm/rad Cilia rotational stiffness [7] and [27]

sr
PC 5 · 10−8 Nm/rad PC rotational stiffness -

sr
CP 5 · 10−8 Nm/rad CP rotational stiffness -

Ks 6 · 10−6 (N·s)/m Cilia friction coefficient [11]
δc 40 · 10−6 m Cross sectional thickness -
γTM 0.7 - TM mass scaling factor -

Table 5.2: Overview physical parameters cochlear model.

The cilia rotational stiffness sr
Cilia is based on a estimate given by Strelioff [7] and used by

Cai et al. [27]. Cai et al. used a value of 1 · 10−5 N/m for the stereocilia stiffness (defined as
the force required to produce a linear 1.0 µm deflection of the hair bundle tip) at the apex of
the guinea pig. The length of an outer hair cell cilia is about 5.8 µm [16]. Hence, by using a
simple geometrical argument, sr

Cilia is estimated at 6 · 10−5 Nm/rad. As far we know, there
is no literature available which gives an indication for the rotational stiffness of the pillar
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cells at the connection to the modiolus and the rotational stiffness of the cuticular plate at
connection with the top of the pillar cells. Therefore we estimated values for sr

PC and sr
CP ,

based on the rotational stiffness of the stereocilia. During the simulations we did observe
that the both rotational stiffnesses were able to influence the dynamics seriously. To be able
to study the effects of the other stiff cochlear elements (such as the basilar membrane and
the outer hair cells) we minimized the effect of both rotational stiffnesses. Therefore we have
chosen low values for both stiffnesses.

However, we have to remark that for the simulations which are described in this report we
have assigned different values to some of the parameters shown in Table 5.2. It turned out
that especially the stiffness coefficients for the basilar membrane and tectorial membrane had
to be chosen much smaller in order to obtain relevant resonance frequencies. For example,
using a value KBM of order 1 N/m will immediately lead to response frequencies in the order
of 100 - 800 kHz. Therefore we choose to use BM stiffness coefficients in a range of 2.5 ·10−7 -
2.5 ·10−4 and TM stiffness coefficients in a range of 1 ·10−5 - 1 ·10−3. Note that decreasing the
response frequency with a factor 10, a decrease of the stiffness with a factor 100 is required.
Different reasons can be thought of to explain this discrepancy. Most likely the difference is
caused by a combination of aspects:

• Modelling the cochlea by a set of ‘discrete’ points, connected by uniform bars, raises
inaccuracy. After all, the real cochlea exists of different cellular types, which all have
nearly the same density, and are shown to behave and move different. For example, the
velocity patterns computed by Cai and Chadwick [27] (and shown in Figure 4.2) indicate
an important velocity gradient between the BM and CP. These kind of (internal) velocity
variations and consequent effects on the motion of other cochlear elements cannot be
computed by using our model.

• Since high frequent oscillations appear within the BM it seems that the ratio between
the BM stiffness and BM mass in incorrect. As said before, we chose to adapt the BM
stiffness till we found relevant resonance frequencies. However, since the organ of Corti
is surrounded by fluids, we should perhaps have included some added mass to correct
for the inert fluid.

• To gather all values which are shown in Table 5.2 we used lots of reports describing
various types cochlear measurements. Despite we tried to interpret and relate these
articles in a correct way, we may have drawn incorrect conclusions. For example, most
reports which describe BM stiffness measurements only use the concept of point stiffness.
That is because all of these measurements are performed by using a small probe. Hence,
only point stiffness at one single point can be measured. Therefore, these measurements
are probably not accurate enough to give a good indication for the BM stiffness as used
in our model.
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Table 5.3 shows the values we used for the different damping terms.

Symbol Value Meaning
d1 1 Viscous damping coefficient PC motion
d3 0.1 Couette flow area scaling coefficient
d′3 0.1 Cilia deformation scaling coefficient
d4 1 Couette flow area scaling coefficient
d′4 1 Cilia deformation scaling coefficient
d′′4 1 Viscous damping coefficient TM motion (radial direction)
d′′′4 1 Viscous damping coefficient TM motion (vertical direction)
d5 1 Viscous damping coefficient BM motion

Table 5.3: Overview damping coefficients.



Chapter 6

NUMERICAL
IMPLEMENTATION

In this chapter we will describe the numerical implementation of our cochlear model. We have
chosen to perform our computations with MATLAB. During the construction of the program
we concluded that we had to deal with two non-linear constraints concerning the invariant
lengths of the CP and cilia. We overcame this issue by introducing artificial compressibility.
This concept is derived from the discipline of fluid dynamics and originally proposed by A.J.
Chorin [3] in 1967. In this chapter we will explain our choices with respect to this artificial
compressibility, corresponding damping and our choice for the Newmark algorithm to solve
all second order differential equations.

6.1 Artificial compressibility and damping

Till now, we didn’t really emphasize the implications of the invariant length of the CP and
cilia. For example we derived differential equation for the motion of z3 and z4, but since these
points are (in)direct connected to z2 with fixed lengths both points aren’t completely free to
move. At each time step we should make sure that

|z3 − z2| = LCP and |z4 − z3| = LCilia.

These constraints are obviously non-linear. Hence, substitution in the differential equations is
difficult. Instead, we choose to introduce so-called artificial compressibility. Despite the CP
and cilia aren’t elastic (like the BM and TM) we consider these elements as compressible, but
with a very large stiffness. Hence, the system itself will take care of a minimal deviation of
|z3−z2| and |z4−z3| with respect to LCP and LCilia respectively. However, since the relation
between frequency (f) and stiffness (C) and mass (m) of a mass-spring system is given by

f =
1
2π

√
C

m
,

a larger stiffness implies higher frequencies and therefore requires smaller time steps. So,
introducing artificial compressibility of the CP and cilia will require smaller time-steps. This
can be interpreted as the costs of avoiding direct implementation of the non-linear constraints.

43
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Introducing artificial compressibility automatically causes high frequency oscillations which
interfere with the low frequency oscillations in which we are really interested (see Figure 6.1).
Therefore it seems plausible to also introduce artificial damping, for example proportional
to length variation of the CP, to damp the oscillations caused by the artificial stiffness. By
choosing a damping coefficient equal to the critical damping coefficient we suppress the high
frequency oscillation, this is also done in Figure 6.1. The critical damping coefficient da is
equal to

da = 2
√

Cm,

where C represents the artificial stiffness and m the mass of the CP.
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Figure 6.1: Shear velocity of the TM with respect to the CP. Stimulation at 860 Hz: with
and without artificial damping.

In the upper figure we can distinguish two interfering oscillations. The oscillation with the
lowest frequency is the one corresponding to the stimulus of 860 Hz (which is nearby the
resonance frequency for the used combination of stiffnesses). The higher frequency is the
result of the artificial stiffness of the CP and cilia. Hence, the velocity pattern is disturbed
by this oscillation which has a period that is about 4 times shorter than the period of the
interesting oscillation. We have to mention that this experiment isn’t even performed with
a very large artificial stiffness. In the lower figure we did apply artificial damping. Hence,
we can clearly recognize the stimulus frequency, however the resultant signal still shows some
disturbance. The effects of the artificial damping can also be shown using Fast Fourier Trans-
forms corresponding to the resulting shear velocity computed for 0 ≤ t ≤ 0.01 seconds and
0.05 ≤ t ≤ 0.1 seconds. Figures 6.2 and 6.3 show these computed FFTs. The oscillations
due to the artificial compressibility have frequencies of approximately 8000 Hz and 30400 Hz.
These frequencies are very well visible in the FFT corresponding to the first 0.01 seconds of
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the simulation and almost completely disappeared after 0.05 seconds.

Figure 6.2: FFT of the shear velocity be-
tween the TM and CP for 0 ≤ t ≤ 0.01, af-
ter a perturbation of the initial position by a
rotation of the PC over 0.01 rad. Resonance
peaks corresponding to artificial oscillations
of the cilia and CP can be found at 8000 Hz
and 30400 Hz respectively.

Figure 6.3: FFT of the shear velocity be-
tween the TM and CP for 0.05 ≤ t ≤ 0.1,
after a perturbation of the initial position
by a rotation of the PC over 0.01 rad. Res-
onance peak corresponding to the physical
stiffness of the cochlea can be found at 2080
Hz

Now that we have explained that we used the concept of artificial compressibility, we will sum
up the effects on the set of differential equations. We define FA and FC via

FA := c (D2,3 − LCP ) + da
∂D2,3

∂t
(6.1)

and

FC := −c (D3,4 − LCilia)− dc
∂D3,4

∂t
. (6.2)

These definitions are in accordance with the +/- signs used in chapters 4 and 5. These
expressions for FA and FC are used in equations (5.5), (5.13) and (5.15).

6.2 Numerical integration

To solve the set of differential equations we basically have to integrate all equations. Our set
of differential equations only consists of second order differential equations, generally of the
form 




mẌ(t) + kX(t) = 0,
X(0) = X0

Ẋ(0) = X1.

Numerical integration of the equations involves, after the solution is defined at time zero, the
attempt to satisfy dynamic equilibrium at discrete points in time. Most methods use equal
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time intervals, for example ∆t, 2∆t, 3∆t,.....N∆t. Many different numerical techniques have
been developed till now, however all approaches can be classified as either explicit or implicit
integration methods.

Explicit methods use the solution of the differential equation at time t to predict a solution
at time t + ∆t. These methods only use the state of the system at the current time, hence
only

X(t + ∆t) = f(X(t))

has to be solved. For structures with stiff elements, a very small time step is required (as
we already showed in section 6.1) in order to obtain a stable solution. Therefore all explicit
methods are conditionally stable with respect to the size of the time step.
Implicit methods attempt to satisfy the differential equation at time t+∆t after the solution
at time t is found. These methods solve an equation involving both the current state of the
system and the next one, hence

g(X(t + ∆t), X(t)) = 0

has to be solved. So, at each time step a set of equations has to be solved, however larger
time steps may be used.

Euler and Runge Kutta

Since our system of equations is non-linear, choosing an implicit method would force us to
solve a complicated set of equations at every time step. Therefore we choose an explicit
method, despite the costs of having to use a smaller time step. One of the simplest explicit
methods to solve a differential equation is the Euler method. To use the Euler method
properly, we have to rewrite our second order differential equation into a system of two first
order differential equations. This can be done using a substitution given by Y = Ẋ, and
hence

(
Ẏ

Ẋ

)
=

(
0 − k

m
1 0

)(
Y
X

)

with {
X(0) = X0

Y (0) = X1.

Time discretization of these equations leads to
{

Yn+1 = Yn −∆t k
mXn

Xn+1 = Xn + ∆tYn.

However, it is known that the Euler method has a limited region of convergence. Figure
6.4 shows the regions of convergence of different integration methods (the region denoted by
‘Direct’ is comparable with the region of convergence corresponding to the Euler method).
The area where the cochlea should have its relevant solutions is indicated with ‘Solutions’. It is
believed that damping within the cochlea is limited, which explains why this particular region
is close to the imaginary axis. Solutions without any physical damping cannot be computed
using the Euler method and since we wish to be able to use various damping coefficients,
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probably including zero damping, the Euler method isn’t be a good choice. Furthermore,
using the Euler method for solutions including physical damping would give rise to extra
numerical damping, which is unfavourable either.

Figure 6.4: Region of convergence of different integration methods. ‘Solutions’ indicates the
region where the Cochlea is believed to have its solutions

Another numerical integration method, which is shown in Figure 6.4, is the Runge Kutta
Four (RK4) method. The RK4 method is, just like the Euler method, a method designed to
solve first order differential equations. By using an identical construction to the one shown
above, is it possible to use the RK4 method for solving a second order differential equation.
The RK4 method does have a larger region of convergence, but using this method will cause
extra numerical damping.

Newmark method

A third numerical integration method is the so-called Newmark integration method (see [23]
and [29]). In 1959 Newmark [2] presented a family of single-step integration methods for the
solution of structural dynamic problems. By construction the Newmark algorithm is suitable
to solve second order differential equations including stiffness coefficients. Solutions of the
differential equations as stated in chapter 5 will probably consist of high frequent oscillations.
In contrast with the methods mentioned in the previous subsection, the Newmark method
is designed to compute high frequent oscillating solutions. The classical formulation of the
algorithm is as follows, using two parameters γ and β

{
Xn+1 = Xn + ∆tYn + ∆t2

2 [(1− 2β)Ẏn + 2βẎn+1]
Yn+1 = Yn + ∆t[(1− γ)Ẏn + γẎn+1],

which can be considered explicit for the particular choice of β = 0:

{
Xn+1 = Xn + ∆tYn + ∆t2

2 Ẏn

Yn+1 = Yn + ∆t[(1− γ)Ẏn + γẎn+1].
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For this choice of β, the Newmark method first determines Xn+1 (the new position), which
is directly used to determine Ẏn+1. This is simply done via

Ẏn+1 = − k

m
Xn+1.

Then the acceleration at time step n+1 is used to update the velocity Yn. Hence, at each time
step the Newmark method calculates a new velocity based on more accurate data than the
Euler method. Therefore the method is more stable than the Euler method or RK4 method.
We chose γ = 1 to solve our set of differential equations. Newmarks method contains no
numerical damping and is conditionally stable if

∆t ≤
√

2
ωMAX

,

with γ = 1, where ωMAX is the maximum frequency in the structural system [2].

6.3 Programme

The programme we used to compute the solution of our set of differential equations (using the
Newmark method with γ = 1, β = 0) can be found in Appendix B. The complete programme
consists of three files:

1. The main programme, called main.m, is the part of the programme which solves all
differential equations and saves all values of the variables (β, z3, z4 and z5) during the
simulation.

2. A list of constants, called constants.m, which defines al constants as can be found in
table 5.2.

3. A short function, called pressure.m, which calculates the pressure at z1, z5 and z4

when given an amplitude, frequency and specific time t.

The complete code of main.m can be found in the appendix. The code of pressure.m is
showed here. Using these three files we run several simulations to check whether or not the
programme provides solution sets which can be linked to the literature. These results will be
shown and discussed in chapter 7.

% pressure.m

function [f] = pressure(a,f,t);

f = a*sin(2*pi*f*t);



Chapter 7

RESULTS

In this chapter we describe the results of some experiments which show the effects of stiffness
variations with respect to the computed cochlear motion. We show the results of computations
with and without external stimulus. Description of the results will contain a study of the
individual and relative motions of z1, z3, z4 and z5 and a brief signal analysis, by using a Fast
Fourier Transform (FFT).

7.1 A simple perturbation

By imposing a little perturbation of the initial position (rotation of the PC over 0.01 rad)
we are able to check whether or not the programme indeed computes a convergence of the
system to the desired equilibrium.

All points (z3, z4 and z5) indeed show convergence to the position defined by the equilibrium
of the system, for example see Figure 7.1. Due to a perturbation of β, points z3, z4 and z5

endured a maximal perturbation of respectively 263 nm, 249 nm and 496 nm. After 0.02 sec-
onds, the perturbation of z5 already decreased to a value below 9 nm, and the perturbations of
z3 and z4 both decreased to a value below 2 nm. The velocity between the lower surface of the
TM and the upper surface of the CP can be considered as the velocity which stimulates the
inner hair cells. Hence, in all experiments it is of interest to examine this relative velocity. As
may be expected, the resultant shear velocity also damped quickly, this is shown in Figure 7.2.

Furthermore, we are also interested for the motion of the individual points. The orientations
of these motions are very much dependent on the stiffness parameters. The motions of z5, z3

and z4 are shown in the Figures 7.3-7.5. From these figures we draw the following conclusions:

1. The motion of z5 consists of a large horizontal component. If we denote the maximal
vertical displacement of z5 by dy and the maximal horizontal displacement of z5 by dx,
the ratio dy:dx is about 1:4. This is in accordance with table 7.1, which states that the
variation of the distance between z5 and z1 is much larger than the length changes of
the OHCs. Increasing BM stiffness with respect to the OHC stiffness or introducing
(vertical) stimulus at z5 should affect these ratios.

49
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Figure 7.1: β as a function of time after
a perturbation of the initial position by a
rotation of the PC over 0.01 rad.

Figure 7.2: Shear velocity between the TM
and CP as a function of time after a pertur-
bation of the initial position by a rotation
of the PC over 0.01 rad.

2. The motions of z3 and z4 are almost identical. It seems like both points are rotating
about a certain hinge point. The actual center of rotation is probably dependent on
both the TM stiffness and the rotational stiffness of the PC and CP.

Figure 7.3: Motion of z5 (initial position indicated by the red dot) after a perturbation of the
initial position by a rotation of the PC over 0.01 rad.
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Figure 7.4: Motion of z3 (initial position in-
dicated by the red dot) after a perturbation
of the initial position by a rotation of the PC
over 0.01 rad.

Figure 7.5: Motion of z4 (initial position in-
dicated by the red dot) after a perturbation
of the initial position by a rotation of the PC
over 0.01 rad.

In addition, it is also of interest to examine the variations in distance between the different
points. Since we have chosen to use artificial compressibility in modelling the CP and stere-
ocilia, the distances between z2, z3 and z4 aren’t completely fixed. However, by using large
stiffness coefficients we prevent large length variations of the CP and cilia. For the current
settings, the length or angular variations of the different cochlear elements are given in Table
7.1. Hence, we may conclude that the stiffness of the CP and Cilia is chosen large enough to
ensure hat both corresponding lengths undergo only small changes.

Element Maximal perturbation Perturbation after 0.02 seconds
Basilar membrane* 40 nm 7 nm
Outer hair cells 280 nm 0.6 nm
Cuticular plate 580 nm 0.015 nm
Cilia 216 nm 0.029 nm
Tectorial membrane 493 nm 0.6 nm
β 0.01 rad 8.5 · 10−6 rad

Table 7.1: Length or angular variations of different cochlear elements. For example, the OHC
perturbation is computed by max(|z3 − z5| − LOHC). The other perturbations are computed
in the same way. *Distance between z1 and z5.

By using a FFT we examine which frequencies are present in the response of the system to the
initial perturbation. In this particular case, it seems that in the response of the shear velocity
only one frequency (1920 Hz) appears clearly, see the first graph of Figure 7.6. The term
characteristic frequency will be used to refer to this particular resonance frequency. Figure
7.6 also shows that other cochlear elements, such as the BM, the OHCs and the TM oscillate
with the same frequency. This observation can be applied to all simulations we performed.
We have no indication that any of these particular element or elements oscillate with different
frequencies. Therefore, we will not show the computed FFTs of the particular elements in
the remaining of this chapter.
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Figure 7.6: Fast Fourier Transforms of the solution for the shear velocity between the TM
and CP, the length of the BM (between z1 and z5), OHCs and TM for 0.05 ≤ t ≤ 0.2 seconds.
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7.2 Stimulation at characteristic frequency

In this section we will show the results for stimulation at the characteristic frequency of
1920 Hz. We use the same settings as for the experiment described in section 7.1. At first
we remark that in this case it takes some time (about 0.1 seconds) before the maximal reso-
nance is reached. This can be seen from the resulting shear velocity plot, shown in Figure 7.7.

Figure 7.7: Shear velocity between the TM and CP as a function of time caused by a stimu-
lation at 1920 Hz.

Figure 7.8: Motion of z5 (initial position indicated by the red dot) as a response to stimulation
at 1920 Hz.

The motion of the individual points z5, z3 and z4 is shown in Figures 7.8-7.10. Figure 7.8
shows the motion of z5. The ratio dy:dx between the horizontal and vertical displacements
is still about 1:4, but the actual displacement is about 4 times larger. Also, the motions of
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z3 and z4 are in the same direction, but the magnitude of the displacements is about 4 to 5
times larger. Of course, this enlargement is caused by the external stimulus.

Figure 7.9: Motion of z3 (initial position
indicated by the red dot) as a response to
stimulation at 1920 Hz.

Figure 7.10: Motion of z4 (initial position
indicated by the red dot) as a response to
stimulation at 1920 Hz.

After about 0.1 seconds, all points follow a more or less constant trajectory. During every
oscillation, distances to surrounding points will variate. The maximal deviation of the lengths
and angles of a the cochlear elements are shown in Table 7.2. Again we may conclude that, as
we hoped for, the length variations of the CP and cilia are small relative to the other elements.

Element Maximal perturbation
Basilar membrane 8 nm
Outer hair cells 0.5 nm
Cuticular plate 0.017 nm
Cilia 0.03 nm
Tectorial membrane 0.8 nm
β 1.15·10−5 rad

Table 7.2: Length or angular variations of different cochlear elements.

In addition we remark that unless the magnitude of the motions individual point is 4 times
larger, the length perturbations are still of the same magnitude. This indicates that the sys-
tem is indeed oscillating in an eigenfrequency.

Finally we carry out a FFT analysis of the response of the shear velocity. The corresponding
graph is shown in Figure 7.11. We clearly recognize two resonance peaks: at 1920 Hz and
3840 Hz. So, the frequency corresponding to the second resonance peak is twice the charac-
teristic frequency. In the next section we will vary some stiffness coefficients and examine the
corresponding effects.
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Figure 7.11: Fast Fourier Transform of the shear velocity between the TM en CP for 0.05 ≤
t ≤ 0.2 seconds.

7.3 Varying basilar membrane stiffness

Stiffness variations of the basilar membrane are believed to be one of the main sources of
varying resonance frequencies along the length of the cochlea. Therefore, we might expect
another resonance frequency after altering the BM stiffness. In the following experiment we
decreased the BM stiffness with a factor 10. Since we know that for a detached mass-spring
system the relation between resonance frequency and stiffness is given by

f =
1
2π

√
C

m
,

we might expect the resonance frequency to decrease with a factor approximately equal to√
10 (≈ 3.2). In order to examine the effect of lowering the BM stiffness we again performed

an experiment with a perturbation of the initial situation. We didn’t apply an external stim-
ulus.

Concerning the motion of the individual points, we conclude that the magnitude of the motion
is increased in both the horizontal and vertical direction. For example we show the graph
of the motion of z5 in Figure 7.12. Compared with the trajectory of z5 as shown in Figure
7.3 the magnitude of the x- and y displacements are somewhat smaller. This can be directly
assigned to be a consequence of the BM stiffness decrease.

Also, the length and angular variations of the different cochlear elements show some changes.
For this simulation the length and angular perturbations are shown in Table 7.3. Comparison
with Table 7.1 shows that the length perturbation of the BM is twice the perturbation we
measured for a larger BM stiffness. This is an obvious and natural result of lowering the BM
stiffness. Furthermore we note that the length perturbations of the most rigid elements (CP
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Figure 7.12: Motion of z5 (initial position indicated by the red dot) after a perturbation of
the initial position by a rotation of the PC over 0.01 rad.

and Cilia) decreased significant.

Element Maximal perturbation Perturbation after 0.02 seconds
Basilar membrane 48 nm 15 nm
Outer hair cells 282 nm 0.17 nm
Cuticular plate 580 nm 5 · 10−4 nm
Cilia 216 nm 0.01 nm
Tectorial membrane 493 nm 1 nm
β 0.01 rad 1.7 · 10−5 rad

Table 7.3: Length or angular perturbations of different cochlear elements.

In addition, the FFT analysis of this simulation shows, as we expected, a lowering of the char-
acteristic frequency by a factor

√
10. This can be seen from Figure 7.13. The characteristic

frequency following from this graph is approximately 600 Hz.



7.4. VARYING OUTER HAIR CELL STIFFNESS 57

Figure 7.13: Fast Fourier Transform of the shear velocity between the TM en CP for 0.05 ≤
t ≤ 0.2 seconds.

7.4 Varying outer hair cell stiffness

Theoretically, fixing the PC and BM in it’s initial position would imply that the resulting
resonance frequency would be mainly determined by the OHC stiffness. After all when z1, z2

and z5 are fixed, the stiffness of the OHC and rotational stiffness of the CP around the top of
the PC will be able to influence the motion of z3, which will directly affect the resultant shear
velocity. However, fixing z1, z2 and z5 can only be simulated by increasing the corresponding
stiffnesses. Hence, for the following experiments we increased the stiffness of the BM, the
rotational stiffness of the PC and decreased the rotational stiffness of the CP around the top
of the PC. In doing so, we expect that the stiffness of the OHCs will greatly affect the motions
of z3 and z4 and therefore the resulting response of the system.

First we run several experiments without any external stimulus. As before, we computed the
behaviour of the system after a perturbation of the initial situation. However, we perturbed
the position of z3 instead of the position of the PC. This is because we largely increased the
stiffness of the BM and rotational stiffness of the PC and therefore a perturbation of the PC
would be less effective.

Increasing the BM stiffness indeed caused a smaller magnitude of the motion of z5 and z1.
For example, after a maximal perturbation of the BM length (distance between z1 and z5) of
24 nm, the perturbation diminished within 0.02 seconds to a value smaller than 9 · 10−3 nm.
This convergence is significantly faster than the convergence we described in section 7.1 (we
noted a decrease from 40 nm to 7 nm in 0.02 seconds). Hence, increasing the BM stiffness
affects the motion of z1 and z5 as expected.

Increasing the BM stiffness directly implies a noticeable effect on the motion of z3 and z4.
Just like the magnitude of the motions of z1 and z5, the magnitude of the motions of z3
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and z4 also decreased. However, for this combination of stiffness coefficients, varying the
OHC stiffness indeed affects the resultant shear velocity. Figure 7.14 shows the FFT for the
resultant shear velocity. Figure 7.15 shows the FFT corresponding to the resultant shear
velocity with a OHC stiffness which is four times larger. The figures clearly show the effect of
increasing the OHC stiffness on the response frequency. For a detached mass-spring system
the characteristic frequency would double if the stiffness is increased by a factor four. Our ex-
periments approximately show a factor 1.84 between the two characteristic frequencies, which
is somewhat lower and probably caused by the combination of several stiffness coefficients.

To examine the influence of the OHC stiffness on the motions of z3 and z4 we stimulated the
system for both OHC stiffness coefficients on the corresponding resonance frequencies. For
both settings, the orientation of the motion of z3, z4 and z5 are nearly identical. However,
the magnitude of the motion with increased OHC stiffness is 6-8 times smaller.

Figure 7.14: FFT of the shear velocity be-
tween the TM en CP for 0.05 ≤ t ≤ 0.1
seconds as a result of a perturbation of z3

(placed 1 µm above its equilibrium posi-
tion). Resonance peak: 4640 Hz.

Figure 7.15: FFT of the shear velocity be-
tween the TM en CP with a four times larger
OHC stiffness, for 0.05 ≤ t ≤ 0.1 seconds as
a result of a perturbation of z3 (placed 1 µm
above its equilibrium position). Resonance
peak: 8560 Hz.
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7.5 Varying tectorial membrane stiffness

A predictable effect of increasing or decreasing the TM stiffness is the variation of the distance
between z4 and z6. Imposing a large TM stiffness will imply that, after a perturbation, the
distance between z4 and z6 will quickly converge to the initial length of the TM, given by
LTM . Combined with the oscillation of the whole cochlear cross section, we expect that, for
large TM stiffness, the motion of z4 will basically consist of a rotation around z6.

To examine the influence of the TM stiffness we run several simulations, first without any
external stimulus. We imposed an initial perturbation by placing z4 away from its equilibrium
position. This is done via a rotation of the TM over 0.01 rad together with extending the
length of the TM by 1 µm. Using the same TM stiffness as before, we computed a maximal
perturbation of 1.62 µm. After 0.02 seconds the perturbation had decreased to approximately
17 nm. However, after decreasing the TM stiffness by a factor 100, the second experiment
showed a perturbation of more than 111 nm after 0.02 seconds. Hence, a larger TM stiffness
indeed provides less deviation of the distance between z4 and z6 with respect to the TM
length. The TM stiffness variations do not seem to influence the shear velocity response
significantly (the resonance peak for both experiments is found at 1920 Hz, as was the case
in section 7.1). In addition, TM stiffness variations do neither show much influence on the
motion patterns of the points z3, z4 and z5.
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Chapter 8

DISCUSSION

We tried to develop a new cochlear model that would enable us to study the influence of the
geometry and outer hair cell motility on the behaviour of the cochlea. We came up with a
model based on a simplification of the complex geometry of the cochlea. The model consists
of several rotation points, connected via stiff rods. Since we have chosen to model the cochlea
by a limited set of points and bars, the computed motion patterns are less accurate than for
a model which includes all tissue properties of the cochlear cross section. However, our model
is very well suitable for including the outer hair cell motility.

After a careful stationary and instationary analysis, we implemented the model in MATLAB.
We chose to use the Newmark algorithm to solve our set of second order differential equations.
The implementation allowed us to study the outcomes of the model and compare these with
our expectations. As described in chapter 7, the results of the experiments were compatible
with our expectations, indicating that our model indeed shows a correct approximation of
the cochlear behaviour. For example, variations of the basilar membrane stiffness immedi-
ately led to other resonance frequencies. This is in accordance with the general consensus
that the local resonance frequency is mainly determined by the local stiffness of the basilar
membrane. Hence, we conclude that the outcomes of our model are rather consistent with
the ideas about the behaviour of the real cochlea. However, we didn’t succeed in answering
the two important questions from introduction. We do really think that the questions can be
answered satisfactory by using our model, but we simply ran out of time. The construction
of our model does allow a careful examination of the influence of geometry variations on the
resonance. Also, including outer hair cell motility by imposing an extra force applied by the
outer hair cells to both the basilar membrane and cuticular plate is very well possible. More
experiments are necessary to verify both aspects.

On the other had, our model also has some shortcomings. We already mentioned those in
chapter 5. Since we have chosen to model the cochlea by a limited set of points and rods,
the computed motion patterns and fluid-tissue coupling are less accurate than for the model
of Cai and Chadwick [26]. Our model can be considered more discrete than the continuous
model of Cai and Chadwick. But, compared to the model of Cai and Chadwick, we have to
mention that our model is probably much more convenient for including the outer hair cell
motility.
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Another disadvantage of our approach is the lack of correct parameters. For example, we
used rotational stiffness at the point where the pillar cells are connected to the wall of the
cochlea. Nevertheless, it is very difficult to come up with suitable values for such a parameter.

All together, we do think it is possible to use our model to gain more insight in the functioning
of the outer hair cells and the influence of the geometry of the cochlea. More experiments are
required to come up with conclusions about these important issues.
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Moment of inertia of the pillar cells

To calculate the moment of inertia corresponding to the rotation of the pillar cells, we use
the so-called perpendicular axis theorem. The theorem states that the moment of inertia of
a plane area about an axis normal to the plane is equal to the sum of the moments of inertia
about any two mutually perpendicular axes lying in the plane and passing through the given
axis. Since we assume that each cross-section of the cochlea has a very small thickness, we
are indeed allowed to apply the theorem. Hence, we have to calculate the moments of inertia
for rotations about the x- and y-axes.

To calculate the moment of inertia Ix about the x-axis we first consider a strip of height dy,
as shown in Figure A.1. To simplify notation we first define b := R1 and h := R2 sinϑ0.
Then, the strip has mass dM(x) given by

dM(x) = ρ x dy = ρ
h− y

h
b dy,

with ρ (kg/m2) representing the density of the PC. Hence,

Ix =
∫

y2 dM = ρ

∫ h

0
y2 h− y

h
b dy

= ρ
b

h

∫ h

0
h y2 − y3 dy

= ρ
b

h
[
1
3
hy3 − 1

4
y4]h0

= ρ
bh3

12
. (A.1)

The moment of inertia Iy about the y-axis can be calculated identically. Therefore, we also
define a := R2 cosϑ0. A strip of mass parallel to the y-axis has mass dM(y) equal to

dM(y) =
{

ρ x
a h dx if 0 ≤ x ≤ a

ρ b−x
b−a h dx if a ≤ x ≤ b

(A.2)
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Figure A.1: A strip parallel to the x-axis.

Hence, the moment of inertia about the y-axis is given by

Iy =
∫

x2 dM(y) = ρ

∫ a

0
x2 x

a
h dx + ρ

∫ b

a
x2 b− x

b− a
h dx

= ρ
h

a

∫ a

0
x3 dx + ρ

h

b− a

∫ b

a
bx2 − x3 dx

= ρ
h

a
[
1
4
x4]a0 + ρ

h

b− a
[
b

3
x3 − 1

4
x4]ba

= ρ(
ha3

4
+

hb4

12(b− a)
− hba3

3(b− a)
+

ha4

4(b− a)
]

= ρ(
ha3

4
− h(b4 − a4)

4(b− a)
+

hb(b3 − a3)
3(b− a)

)

=
ha2b + hab2 + hb3

12
(A.3)

According to the perpendicular axis theorem, Iz can be found by combining equations (A.1)
and (A.3):

Iz = ρ
bh3 + ha2b + hab2 + hb3

12
. (A.4)
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Code

% main.m

close all
clear all

constants; % initialisation constants

Tend = 0.1; % time
dt = 10^-7; % time step

K = (Tend / dt) / 10000;
N = 10000;

frequency = 1920; % stimulus frequency
amplitude = 0.01; % stimulus amplitude

% ----- Initialization -----

global z_6 z_7

z_1 = 98*10^-6;
z_2 = 98*exp(1.05*i)*10^-6;
z_3 = 157*exp(0.8*i)*10^-6;
z_4 = 159*exp(0.84*i)*10^-6;
z_5 = 148*10^-6;
z_6 = 62*exp(2.2*i)*10^-6;
z_7 = 250*10^-6;

z1 = z_1;
z2 = z_2;
z3 = z_3;
z4 = z_4;
z5 = z_5;
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z6 = z_6;
z7 = z_7;

Z1 = zeros(N,1);
Z1(1) = z1;
beta = angle(z1);
dbeta = 0;

Z5 = zeros(N,1);
Z5(1,1) = z5;
dz5 = 0;

Z3 = zeros(N,1);
Z3(1,1) = z3;
dz3 = 0;

Z4 = zeros(N,1);
Z4(1,1) = z4;
dz4 = 0;

r = abs(z4 - z6);
dr =0;

alpha = angle(z4 - z6);
dalpha = 0;

% ----- Calculation remaining constants -----

L_BM = abs(z7 - z1); % initial length BM
L_OHC = abs(z5 - z3); % initial length OHCs
L_CP = abs(z3 - z2); % initial length CP
L_Cilia = abs(z4 - z3); % initial length Cilia
L_TM = abs(z4 - z6); % initial length TM
R_1 = abs(z1); % initial length PC base
R_2 = abs(z2); % initial length PC edge

theta_0 = angle(z3 - z2) - angle(z1 - z2); % initial angle between PC and CP
xi_0 = angle(z3 - z2); % initial angle between CP and x-axis
omega_0 = pi/2 - (angle(z4 - z3) - angle(z3 - z2));
% initial angular deviation cilia

vartheta_0 = angle(z2); % initial (internal) angle of the PC at z_0
vartheta_2 = angle(z2 - z1) - vartheta_0;
% initial (internal) angle of the PC at z_2

gamma_BM = abs(z1 - z5) / L_BM; % division factor BM
delta_BM = abs(z7 - z5) / L_BM; % equals 1 - gamma_BM
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m_BM = h_BM * L_BM * delta_c * rho_BM; % mass of the BM
m_TM = h_TM * L_TM * delta_c * rho_TM; % mass of the TM

m_5 = m_BM + m_TM; % mass at z_5
m_3 = m_TM; % mass at z_3

A_1 = delta_c * (R_1 + 0.5*abs(z5 - z1)); % area corresponding to z_1
A_5 = delta_c * (0.5*abs(z5 - z1) + abs(z5 - z7)); % area corresponding to z_5
A_4 = delta_c * L_TM; % area corresponding to z_4
A_CF = delta_c * L_CP; % area corresponding to Couette flow

% PC moment of inertia :
a = real(z2);
b = R_1;
h = imag(z2);
I_PC = (rho_PC / 12) * (b*h^3 + h*b*a^2 + h*a*b^2 + h*b^3) * delta_c;

m_PC = (1/2) * b * h * delta_c * rho_PC; % mass of the PC
m_tot = m_PC + m_5 + m_3 + gamma_TM * m_TM; % total mass

%m_5 = m_BM + m_DC;
%m_3 = m_CP + m_OHC;

d_a = 2*sqrt(m_3*c); % artificial damping CP
d_b = 2*sqrt(gamma_TM * m_TM * c) / 50; % artificial damping cilia

% ------------------------------------------------------------------------

VARIABLE1 = zeros(10001,1);
VARIABLE3 = zeros(10001,1);
VARIABLE4 = zeros(10001,1);
VARIABLE5 = zeros(10001,1);
velocity = zeros(10001,1);
VELOCITY = zeros(10001,1);

T = dt * (0:(N*K));

D23 = abs(z2 - z3);
A23 = D23;
V23 = 0;

D34 = abs(z4 - z3);
A34 = D34;
V34 = 0;

fBETA = 0;
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fZ5 = 0;
fR = 0;
fALPHA = 0;
fZ3 = 0;

Du = 0;
t = 0;

% ----- Computation -----

for k=1:K

Z1(1) = z1;
Z3(1) = z3;
Z4(1,1) = z4;
Z5(1) = z5;

velocity = zeros(10000,1);
velocity(1) = Du;

for n=1:10000

t = t + dt;

D57 = abs(z5 - z7);
D35 = abs(z3 - z5);
D34 = abs(z3 - z4);

A23new = abs(z2 - z3);
V23 = (A23new - A23) / dt;
A23 = A23new;

A34new = abs(z3 - z4);
V34 = (A34new - A34) / dt;
A34 = A34new;

% Differential equation pillar cells

beta = beta + dt * dbeta + 0.5 * dt^2 * fBETA; % Newmark step 1

z1 = R_1*exp(i*beta); % Updating z1
z2 = abs(z2)*exp(i*(vartheta_0 + beta)); % Updating z2
D15 = abs(z5 - z1); % Updating D15
D23 = abs(z2 - z3); % Updating D23
theta = angle(z3 - z2) - angle(z1 - z2); % Updating theta

M_PC = - beta * s_PC * R_1; % Rotational stiffness
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F_E = A_1 * pressure(amplitude,frequency,t);
M_E = R_1 * F_E; % External force

phi = pi - angle(z1 - z5);
F_BM = K_BM * (D15 - gamma_BM * L_BM)/(gamma_BM * L_BM);
M_BM = - R_1 * sin(beta + phi) * F_BM; % Elasticity BM

zeta = pi - vartheta_2 - theta;
M_A = - abs(z2)*sin(zeta)* (c*(D23 - L_CP) + d_a * V23); % Elasticity CP

eta = angle(z3) - angle(z3 - z2);
F_B = s_CP*(theta - theta_0)/D23;
M_B = abs(z3)*cos(eta)*F_B;

M_D = - d_1 * R_1 * A_1 * mu * (1/2) * R_1 * dbeta; % Damping at z_1

fBETA = (M_PC + M_E + M_BM + M_A + M_B + M_D)/I_PC;

dbeta = dbeta + dt * fBETA; % Newmark step 2

Z1(n+1) = z1;

% Differential equation z_5

z5 = z5 + dt * dz5 + 0.5 * dt^2 * fZ5; % Newmark step 1

D15 = abs(z1 - z5); % Updating D15
D57 = abs(z5 - z7); % Updating D57
D35 = abs(z3 - z5); % Updating D35
phi = pi - angle(z1 - z5); % Updating phi
psi = pi - angle(z5 - z7); % Updating psi
xi = angle(z3 - z2); % Updating xi

F_1 = K_BM *((D15 - gamma_BM * L_BM)/(gamma_BM * L_BM))*exp(i*(pi - phi));
% Elasticity BM

F_2 = K_BM *((D57 - delta_BM * L_BM)/(delta_BM * L_BM))*exp(- i*psi);
% Elasticity BM

F_OHC = K_OHC * (D35 - L_OHC) * exp(i*(xi + pi/2)); % Elasticity OHCs

F_E = A_5 * i * pressure(amplitude,frequency,t); % External force

F_5 = F_1 + F_2 + F_OHC + F_E;

fZ5 = (F_5 - d_5 * A_5 * mu * dz5)/m_5;
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dz5 = dz5 + dt * fZ5; % Newmark step 2

Z5(n+1) = z5;

% Differential equation |z_4 - z_6| = r

z4old = z4;

r = r + dt * dr + 0.5 * dt^2 * fR; % Newmark step 1

z4 = z6 + r*exp(i*alpha); % Updating z4
D34 = abs(z4 - z3); % Updating D34
omega = pi/2 - (angle(z4 - z3) - angle(z3 -z2)); % Updating omega
h = D34 * cos(omega); % Updating h

dummy1 = real(dz4 * exp(-i*xi_0)); % Transformation dz4
dummy2 = real(dz3 * exp(-i*xi_0)); % Transformation dz3
Du = dummy1 - dummy2; % Shear velocity

F_Cilia = (omega_0 - omega) * s_Cilia; % Cilia rotational stiffness
F_TM = K_TM * (L_TM - r); % TM longitudinal stiffness
F_Ks = - d_41 * K_s * Du; % Cilia friction
F_CF = - d_42 * A_CF * mu * Du / h; % Couette flow damping
F_V = - d_43 * A_4 * mu * dr; % Viscous damping

fR = (F_TM + F_V + F_CF + F_Ks + F_Cilia) / (gamma_TM * m_TM);

dr = dr + dt * fR; % Newmark step 2

z4 = z6 + r*exp(i*alpha); % Updating z4

% Differential equation alpha

alpha = alpha + dt * dalpha + 0.5 * dt^2 * fALPHA; % Newmark step 1

z4 = z6 + r*exp(i*alpha); % Updating z4
D34 = abs(z4 - z3); % Updating D34

F_E = A_4 * pressure(-amplitude,frequency,t); % External force
F_D = - d_44 * A_4 * mu * (1/2) * D34 * dalpha; % Viscous damping
F_SC = c * (D34 - L_Cilia) - d_b * V34; % (In)elasticity cilia
fALPHA = (F_D - F_E - F_SC)/(gamma_TM * m_TM * r);

dalpha = dalpha + dt * fALPHA; % Newmark step 2

dz4 = (z4 - z4old)/dt; % Updating dz4



71

Z4(n+1) = z4;

% Differential equation z_3

z3 = z3 + dt * dz3 + 0.5 * dt^2 * fZ3; % Newmark step 1

D34 = abs(z3 - z4); % Updating D34
D35 = abs(z3 - z5); % Updating D35
D23 = abs(z2 - z3); % Updating D23

theta = angle(z3 - z2) - angle(z1 - z2); % Updating theta

dummy1 = real(dz4 * exp(-i*xi_0)); % Transformation dz4
dummy2 = real(dz3 * exp(-i*xi_0)); % Transformation dz3
Du = dummy1 - dummy2; % Shear velocity
velocity(n+1) = Du;

F_A = - c * (D23 - L_CP) - d_a * V23 - K_TM * (r - L_TM)
+ d_3 * K_s * Du + d_31 * A_CF * mu * Du / h;

F_B = - s_CP*(theta - theta_0)/D23 - K_OHC * (D35 - L_OHC)
+ c * (D34 - L_Cilia) + d_b * V34;

F_C = F_A + i*F_B; % Resultant force at z_3

fZ3 = F_C * exp(i*xi_0) / m_3;

dz3 = dz3 + dt * fZ3; % Newmark step 2

Z3(n+1) = z3;

end

VARIABLE1((k-1)*10000+1:k*10000+1,:) = Z1;
VARIABLE3((k-1)*10000+1:k*10000+1,:) = Z3;
VARIABLE4((k-1)*10000+1:k*10000+1,:) = Z4;
VARIABLE5((k-1)*10000+1:k*10000+1,:) = Z5;

VELOCITY((k-1)*10000+1:k*10000+1) = velocity;

end

L = length(VELOCITY);
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Y = fft(VELOCITY);
fvector = 1/dt * linspace(0,1,L);
figure(1);
loglog(fvector,abs(Y));
xlabel(’Frequency (Hz)’);
ylabel(’|FFT(Shear velocity)|’);
title([’Fast Fourier Transform - A’]);
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